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a b s t r a c t
Ripples and transverse dunes in areas of abundant sand supply increase in height and spacing as a function of
time, grain size, and excess shear velocity. How and why each of these factors inﬂuence ripple and transverse
dune size, however, is not precisely known. In this paper, the controls on the height and spacing of ripples
and transverse dunes in areas of abundant sand supply are investigated using a numerical model for the
formation of eolian bedforms from an initially ﬂat surface. This bedform evolution model combines the basic
elements of Werner's [Werner, B.T., 1995. Eolian dunes: Computer simulations and attractor interpretation.
Geology 23, 1107–1110.] cellular automaton model of dune formation with a model for boundary layer ﬂow
over complex topography. Particular attention is paid to the relationship between bed shear stress and slope
on the windward (stoss) side of evolving bedforms. Nonlinear boundary layer model results indicate that bed
shear stresses on stoss slopes increase with increasing slope angle up to approximately 20°, then decrease
with increasing slope angle as backpressure effects become limiting. In the bedform evolution model, the
linear boundary layer ﬂow model of Jackson and Hunt [Jackson, P.S., Hunt, J.C.R., 1975. Turbulent wind ﬂow
over a low hill. Quarterly Journal of the Royal Meteorological Society 101, 929–955.], generalized to 3D, is
modiﬁed to include the nonlinear relationship between bed shear stress and slope. Bed shear stresses
predicted by the modiﬁed Jackson and Hunt ﬂow model are then used to predict rates of erosion and
deposition iteratively through time within a mass-conservative framework similar to Werner [Werner, B.T.,
1995. Eolian dunes: Computer simulations and attractor interpretation. Geology 23, 1107–1110.]. Beginning
with a ﬂat bed, the model forms ripples that grow in height and spacing until a dynamic steady-state
condition is achieved in which bedforms migrate downwind without further growth. The steady-state ripple
spacing predicted by this model is approximately 3000 times greater than the aerodynamic roughness length
of the initially ﬂat surface, which is a function of grain size and excess shear velocity. Once steady-state
ripples form, they become the dominant roughness element of the surface. The increase in roughness
associated with ripple formation triggers the same bedform instability that created ripples, causing dunes to
form at a larger scale. In this way, the numerical model of this paper suggests that ripples and dunes are
genetically linked. Transverse dunes in this model have a steady-state height and spacing that is controlled
by the effective roughness length of the rippled surface, which is shown to be on the order of 500 times
greater than the original roughness length, but varies signiﬁcantly with the details of ripple morphology. The
model predictions for ripple and dune spacing and their controlling variables are consistent with ﬁeld
measurements from the published literature. The model of this paper provides a preliminary process-based
understanding of the granulometric control of ripples and dunes in areas of abundant sand supply and
unidirectional prevailing winds, and it argues for a genetic linkage between ripples and dunes via a scaling
relationship between eolian bedform size and the aerodynamic roughness length.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction
1.1. Problem statement
Eolian bedforms are constructed by a positive feedback in which
incipient, small-amplitude perturbations modify the air ﬂow around
them to cause spatial variations in erosion and deposition that pro-
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mote taller and more widely-spaced bedforms over time. How this
process works at small (ripple) and large (dune) scales, however, is
still not well understood and a number of questions remain. First, ﬁeld
measurements indicate that the height and spacing of ripples are
positively correlated with grain size and excess shear velocity (Sharp,
1963; Walker, 1981) and that the height and spacing of transverse
dunes are also positively correlated with grain size in areas of abundant sand supply (Wilson, 1972; Lancaster, 1988). How and why these
factors inﬂuence bedform size, however, is not precisely known.
Moreover, it is still unclear whether dunes grow in size indeﬁnitely, or
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whether, after an initial period of growth, they achieve a dynamic
steady-state condition in which they migrate downwind without
further growth. In this paper we take a numerical modeling approach
to addressing these questions, integrating the cellular automaton
model of Werner (1995) with a realistic boundary layer ﬂow model in
order to investigate the coupling between boundary layer ﬂow and
bedform evolution at both small and large scales. The model results
suggest that boundary layer ﬂow processes set a limit on bedform size.
In this paper, I describe a process-based numerical model designed
to determine the controls on the height and spacing of ripples and
dunes. The model combines the strengths of the Werner (1995) model
framework, which successfully generates self-organized bedforms
from an initially-ﬂat surface, with the Schwammle and Herrmann
(2004) framework, which successfully quantiﬁes the positive feedback
between topography, air ﬂow, and erosion/deposition during bedform
evolution. In this paper I focus on the simplest case of ripple and dune
development in areas of abundant sand supply (i.e. 100% sand cover).
Also, the model assumes unidirectional winds and does not explicitly
include variable grain sizes or sorting effects. In focusing on this
simple, idealized case, it is not my intention to imply that the effects of
limited sand supply, shifting winds, and/or spatial and temporal
variations in grain size are unimportant in natural dunes. Rather, my
goal is to understand the coupling between boundary layer ﬂow and
bedform evolution for this simple case ﬁrst before adding additional
complexity.
1.2. Field and remote-sensing observations
There are three fundamental types of transverse eolian bedforms
that form in areas of abundant sand supply and unidirectional
prevailing winds. Ripples occur at the smallest scale and are typically
spaced from 0.01–10 m and have heights of 0.2–50 cm, with higher,
more widely-spaced ripples forming in areas with stronger winds
and/or coarser sand (Sharp, 1963; Wilson, 1972). Dunes are the next
level in the bedform hierarchy and achieve spacings of 10–1000 m and
heights of 0.5–50 m. At still larger scales, megadunes may form and
reach heights of 50–300 m and spacings of 1–3 km, given sufﬁcient
time in addition to sand supply. Working in the large sand seas of the
Sahara Desert, Wilson (1972) documented a positive correlation
between the grain diameter of the coarsest twentieth percentile of
crestal sand and the height and spacing of each bedform type (Fig. 1).
Working in the Skeleton Coast, Namib, and Gran Desierto sand seas,
Lancaster (1988) documented a correlation between dune spacing and
grain size in compound crescentic (i.e. transverse) dunes. The spacing
of barchan, star, and longitudinal dunes in Lancaster's study areas did
not show any correlation with grain size.
One way that grain size may affect the size of ripples and dunes is
via the aerodynamic roughness length. The aerodynamic “law of the
wall” states that the wind velocity proﬁle above a rough surface is a
function of the aerodynamic roughness length, which, during sal-

Fig. 1. Schematic plot of grain diameter of coarsest twentieth percentile crestal sand,
P20, and bedform spacing, λ, from transverse eolian bedforms of the Sahara Sand Seas.
After Wilson (1972).
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tation, is a function of both grain size and excess shear velocity
(Sherman, 1992). Therefore, if the spacing of bedforms is controlled in
a signiﬁcant way by the wind velocity proﬁle above the bed, it is
reasonable to hypothesize that the size of bedforms will be partially
controlled by grain size and excess shear velocity. This is the fundamental hypothesis investigated in this paper.
In ripples, spacing is well established to increase with increasing
grain size and excess shear velocity (Sharp, 1963; Walker, 1981;
Andreotti et al., 2006), although there is still no process-based understanding of how those variables control spacing. Bagnold (1941)
performed the pioneering work on the height and spacing of eolian
ripples. He proposed that ripples form by an instability mechanism in
which a small, incipient perturbation in the bed topography exposes
the windward side to more impacts and faster surface creep than the
leeward side, resulting in more grains being ejected into saltation. In
his theory, sand grains move a characteristic saltation distance,
resulting in periodic ripples with spacing equal to that characteristic
distance. The fact that ripple spacing increases over time in both ﬁeld
and laboratory experiments (Sharp, 1963; Seppala and Linde, 1978;
Walker, 1981), however, is inconsistent with Bagnold's concept of a
constant characteristic saltation length. Moreover, experimental
studies of grain impacts suggest that a wide distribution of energies
are imparted to grains on the bed during each impact, resulting in a
wide distribution of saltation path lengths (Mitha et al., 1986). Using a
discrete particle framework informed by Mitha et al.'s (1986) work,
Anderson (1987) and Anderson and Bunas (1993) constructed models
for ripple formation and evolution aimed at understanding the
controls on ripple height and spacing. Anderson (1987) argued that
ripple spacing is controlled by the mean reputation length. Anderson's
model is a linear-stability analysis, however, and hence only addresses
the spacing of ripples early on in their development from a ﬂat surface.
Anderson and Bunas (1993) modeled the evolution of ripples using
the distribution of particle paths documented by Mitha et al. (1986),
together with a simpliﬁed boundary layer ﬂow model. In their model,
ripples grow in height and spacing until a steady-state condition is
achieved. The steady-state behavior in their model, however, was
directly related to an arbitrary “ceiling” imposed on the ﬂow in their
model. As a result, there is currently no realistic model for ripples that
predicts a steady-state relationship between grain size and excess
shear velocity control ripple size, as observed.
The controls on the spacing of dunes are also incompletely understood. As noted above, Wilson (1972) and Lancaster (1988) both
documented positive correlations between grain size and dune height
and dune spacing. On the other hand, tests of granulometric control of
bedform height and spacing in barchan, star, and longitudinal dunes
all show no grain size control (e.g. Wasson and Hyde, 1983; Lancaster,
1988; Ould Ahmedou et al., 2007; Elbelrhiti et al., 2008). It is important to distinguish between dunes formed in areas of abundant
sand supply from those formed in areas of limited sand supply in this
context, however. In areas of limited sand supply (i.e. partial sand
cover), the aerodynamic roughness length will be at least partially
controlled by the roughness elements (e.g. vegetation, alluvial
deposits, and bedrock outcrops) that comprise the interdune or
sand-free areas. As the percent of sand cover decreases signiﬁcantly
below 100% in a dune ﬁeld, the aerodynamic roughness length will
become progressively more inﬂuenced by the size of the roughness
elements in the interdune areas (which generally have no relationship
with the grain size of sand on the dunes). For this reason, the height
and spacing of barchan, star, and longitudinal dunes are not likely to
exhibit granulometric control, even if the boundary layer ﬂow over
these types of dunes exerts a controlling inﬂuence on their morphology. For this reason, we will not consider those dune types in this
paper.
Most conceptual models for eolian dune formation relate dune
height and spacing to the dimensions of the zone of disturbance
downwind (e.g. Hanna, 1969; Wilson, 1972; Folk, 1976). It is difﬁcult to
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separate cause and effect in these conceptual models, however,
because, it is unclear whether the size of the zone of separation
controls, or is controlled by, dune size. Moreover, the size of the zone
of separation is controlled by other parameters besides dune size and
shape in ways that have not been fully quantiﬁed. For example,
Howard et al. (1989) proposed that dune size is controlled, in part, by
the aerodynamic roughness length upwind because it is this length
scale that determines the speedup ratio on the windward size of
dunes for a given dune height and aspect ratio. How the aerodynamic
roughness length inﬂuences dune size, however, is still uncertain.
Indeed, whether dune size is controlled primarily by the characteristics of boundary layer ﬂow (e.g. Howard et al., 1989; Schwammle and
Herrmann, 2004) or by the nonlinear dynamics intrinsic to interacting
bedforms (e.g. Werner and Gillespie, 1993; Werner and Kocurek, 1999)
is still debated.
1.3. Previous process-based modeling work
Werner (1995) was the ﬁrst to model the formation of eolian dunes
numerically from an initially ﬂat surface. Werner's (1995) model is
based on the iterative entrainment, transport, and deposition of
discrete units of sand that are picked up at random, transported
multiples of a characteristic distance downwind, and redeposited back
onto the surface. Sand units transported by the model during a given
iteration are deposited on the bed with a probability that is low on
bedrock surfaces relative to sandy surfaces (reﬂecting the higher
coefﬁcient of restitution of a hard bed versus a soft bed). Sand units
that are not deposited are transported repeatedly downwind until
deposition occurs. In this way, the local sand ﬂux above the surface is
directly proportional to the probability of deposition. In Werner's
model, the effect of air ﬂow over incipient dunes is included in a
simpliﬁed way by deﬁning “shadow” zones where the probability of
deposition is one. Shadow zones are deﬁned to be areas located in
shadow when the surface is illuminated by a sun angle of 15° from the
horizontal and parallel to the wind direction. In Werner's model,
shadow zones provide a simpliﬁed representation of the recirculation

zone on the lee sides of incipient dunes where wind-driven sediment
ﬂux is low and deposition rates are high. Sand units deposited back
down on the bed in Werner's model roll down the direction of steepest
descent if deposition causes an oversteepened condition (i.e. a slope
angle greater than the angle of repose). Werner's model combines
three basic elements that, taken together, are responsible for the
complex self-organized behavior observed in the model. First, the
stochastic model of entrainment generates initially structureless,
multi-scale relief from an initially ﬂat bed. Second, shadow zones
provide a mechanism for a positive feedback between the topography
of incipient bedforms and the spatial pattern of erosion and deposition
that enhances bedform height and spacing over time. Finally,
avalanching provides a limitation on dune slope and a mechanism
for cross-wind sand transport. Example output of Werner's model is
illustrated in Fig. 2. The height and spacing of bedforms in Werner's
model increase proportionately to the square root of time until a single
dune, equivalent in size to the model domain, remains.
Werner's model is capable of reproducing the four principal dune
types (transverse, barchan, star, and longitudinal) by varying sand
supply and wind direction variability. Despite the success of Werner's
model for understanding dune types, the model has limitations for
understanding dune size. Werner's model includes the physics of
boundary layer ﬂow over topography only in a very limited way. For
example, erosion on the stoss side of evolving bedforms is independent of both height and slope in Werner's model, an assumption that
is inconsistent with basic ﬁeld measurements (Lancaster, 1996).
Werner's model also predicts symmetric topographic proﬁles when
bedforms evolve in a unidirectional wind regime, while bedform
proﬁles in nature are asymmetric under unidirectional wind conditions. Momiji et al. (2000) constructed a modiﬁed version of Werner's
model capable of producing asymmetric bedforms by prescribing
erosion on the windward side of bedforms to be a nonlinear function
of slope. Nevertheless, both of these models have no prescribed length
scale and they depend on parameters that are abstracted from the
actual transport processes (e.g. saltation). As such, they are difﬁcult to
calibrate for comparison to real-world bedforms (Baas, 2007).

Fig. 2. Color maps of elevation predicted by Werner's model for dunes at t = 100, 300, 1000, 3000, 10,000, and 30,000 (×N2) time steps. Wind direction is from left to right. In the
model, dune height and spacing increase proportionately to the square root of time until only one dune remains, equivalent in size to the model domain. Note that each color map is
separately scaled so that black is the minimum height and white is the maximum.
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Following upon Werner's work, Stam (1996, 1997), Van Dijk et al.
(1999), and Schwammle and Herrmann (2004) developed numerical
models that include the physics of boundary layer ﬂow over evolving
transverse bedforms. These models, in turn, followed upon an earlier
generation of boundary layer ﬂow models over barchan dunes (e.g.
Wippermann and Gross, 1986). Stam's (1996, 1997) model was limited
to 2D and could not be used to model the evolution of dunes from an
initially ﬂat bed (i.e. Stam's model predicted that the smallest
wavelengths were the most unstable, leading to inﬁnitely steep
slopes). Given that the height and spacing of dunes depends on the
interaction of bedforms and defects in 3D (e.g. Werner and Kocurek,
1999), it is unlikely that any 2D model will be sufﬁcient to determine
the controls on bedform height and spacing. In Van Dijk et al.'s (1999)
and Schwammle and Herrmann's (2004) models, sine waves and
small Gaussian hills were used as an initial conditions, respectively. As
such, these models do not simulate bedform evolution from a
structureless initial condition and hence they do not directly constrain
the height and spacing of natural bedforms. Moreover, because both
models require a characteristic bedform length L to be input into the
model, the size of the bedforms produced by these models is, to some
extent, prescribed by the input data. A comprehensive model of
bedforms must predict bedform lengths rather than input them into
the model.
All of the bedform evolution models that include boundary layer
ﬂow have used the Jackson and Hunt (1975) boundary layer model for
ﬂow over “low” hills as their foundation (later generalized to 3D by
Mason and Sykes, 1979). This model, as well as subsequent FourierTransform-based models for boundary layer ﬂow (i.e. Weng et al.,
1991), solve the linearized Reynolds stress equations over prescribed
bed topography. Boundary-layer models based on linearized FourierTransform techniques have the advantage of computational speed,
thus allowing them to be integrated into bedform evolution models
that require bed shear stresses to be calculated during each model
time step for tens of thousands of time steps. More sophisticated
computational ﬂuid dynamics models (i.e. Large Eddy Simulation
(LES) and Direct Numerical Simulation (DNS) methods) have the
advantage of greater accuracy than linearized Reynolds' stress models,
but they are too computationally intensive to be run for the tens of
thousands of iterations required by bedform evolution models.
Linearized Reynolds' stress models such as the Jackson and Hunt
model do not adequately compute the stresses over steep (N10°)
bedforms, however. As such, these models must be modiﬁed to
account for nonlinear ﬂow effects over steep topography. Schwammle
and Herrmann (2004), for example, incorporated the effects of ﬂow
separation over the lee sides of growing dunes by correcting a
linearized Reynolds' stress model solution using a geometric model
for the separation zone. Flow separation, however, affects the entire
wind ﬁeld, not just the zone of separation, hence a local correction
does not fully account for the effects of nonlinear ﬂow processes on
bed shear stresses and erosion rates on the stoss sides of evolving
bedforms.
Recent work has suggested that bedform spacing is controlled by
the evolution of defects in bedform populations over time (Werner
and Gillespie, 1993; Werner and Kocurek, 1997, 1999). The defect
density model predicts that bedform height and spacing grows
linearly with time from an initial value, then transitions to a
logarithmic increase in time. While defect density and bedform
spacing are strongly correlated during bedform development
(suggesting that defect density directly controls height and spacing),
it should be noted that this model makes a number of simplifying
assumptions (e.g. bedforms are uniformly spaced and of uniform
height, aerodynamics plays no role in bedform migration, and
defects are not created over time). The defect density model is also
limited in that it requires input data for the initial bedform spacing.
This value largely determines the ﬁnal bedform spacing predicted by
the model.
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2. Numerical modeling
2.1. Model description
At the start of each iteration of the model, the topography h(x,y) is
used as input to a boundary layer ﬂow model that calculates the bed
shear stresses over complex topography. This boundary-layer model is
a 3D version of the Jackson and Hunt (J&H) (1975) model for ﬂow over
low hills, modiﬁed to include the nonlinear effects of ﬂow over steep
topography. Bed shear stress in the J&H model, τb, can be written as
the sum of the shear stress over ﬂat topography, τb0, plus the
normalized variation in bed shear stress induced by the variations in
topography, τb1:
τb = τ b0 ð1 + τ b1 Þ:

ð1Þ

According to the J&H model, the Fourier Transform of the normalized
variations in bed shear stress, τ̂b1, is given by x and y components:




 K1 zk eiφ
k2 
τ̂ b1x kx ; ky = eκ x ĥ kx ; ky zk
;
jkj
K0 ðzk eiφ Þ

ð2Þ




kx ky 
τ̂ b1y kx ; ky = eκ
ĥ kx ; ky ;
jkj

ð3Þ

where
/=

+ π=4 ðkx z0Þ
;
−π=4 ðkx b0Þ

ð4Þ

and x is the downwind distance, y is the crosswind distance, ε is a
dimensionless factor, κ is the von Karman constant (0.4), k is the wave
number (with x and y components), ĥ(kx, ky) is the Fourier Transform
of the topography, zk is
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z0 T
jk j;
l

zk = 2

ð5Þ

K0 is the modiﬁed Bessel function of zero order, K1 is the modiﬁed
Bessel function of ﬁrst order, z0 is the aerodynamic roughness length, l
is a characteristic “inner layer” thickness given by
l ln

 
l
= 2Lκ 2 ;
z0

ð6Þ

k⁎ is the normalized wavenumber (i.e. kL) and L is the half length of
the bedforms at the half-height position (Jackson and Hunt, 1975). In
most applications of the J&H model, where the goal is to calculate the
ﬂow over an isolated hill of prescribed size and shape, L is assumed to
be constant. In this paper, where the goal is to model ﬂow over
evolving bedforms with a range of sizes, L changes with each Fourier
coefﬁcient, i.e. L = π/2kx. Because the J&H model is linear (and hence
solutions can be superposed), L can be allowed to vary in this way. The
value of ε, a measure of the “strength” of the perturbation, is given by

e=

ln

2

 
L
z

0 
κ ln zl0

ð7Þ

The J&H ﬂow model includes only one intrinsic length scale: the
aerodynamic roughness length z0. That is, for a given topography (i.e.
the topography at a given time step in the bedform evolution model),
ĥ(kx, ky), L, and l are prescribed, and the nature of the ﬂow over the
topography, including the magnitude of the normalized bed shear
stress variations, τb1, will depend only on the length scale z0.
The effect of the aerodynamic roughness length on the magnitude
of bed shear stress variation over sinusoidal bedforms is illustrated in
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Fig. 3. Plots of normalized bed shear stress variations, τb1/δτb0, and normalized inner
layer thickness, l/L, predicted by the Jackson and Hunt (1975) model versus the
logarithm (base 10) of the ratio of the half height of the hill to the roughness length. This
plot illustrates that the normalized bed shear stress variations reach a maximum when
L/z0 ≈ 500.

Fig. 3. This ﬁgure plots the magnitude of the normalized bed shear
stress variation, τb1/δτb0, as a function of the logarithm (base 10) of
the ratio of the half-length of the bedforms to the roughness length,
log10(L/z0). The normalized bed shear stress, τb1/τb0, is scaled in this
plot to the tangent of the maximum slope angle, δ. Fig. 3 also plots the
normalized inner layer thickness l/L computed by solving Eq. (4)
iteratively. In order to interpret Fig. 3, let us ﬁrst consider a sinusoidal
bed of half length 10 cm and maximum slope 0.1. If the aerodynamic
roughness length is relatively large (e.g., 1 mm, corresponding to log10
(L/z0) = 2), for example, Fig. 3 shows that the value of τb1/δτb0 is
approximately 4, hence τb1/τb0 = 0.4. This means that the bed shear
stress will increase by approximately 40% near the crest of sinusoidal
bedforms according to this model, and decrease by approximately 40%
near the trough. At smaller roughness lengths, e.g., z0 = 0.1 mm, the
value of τb1 / δτb0 increases to approximately 6. This increase in bed
shear stress is associated with the fact that, for relatively small
roughness lengths, the wind velocities interacting with the bedforms
will be greater (due to the higher velocity gradients associated with
smaller roughness lengths), hence the degree of ﬂow compression/
expansion will also be greater. At still smaller roughness lengths,
however, e.g. z0 = 0.01 mm, the value of τb1/δτb0 actually decreases to
slightly more than 5. This decrease is associated with the increase in
form drag and backpressure that limit near-surface wind velocities
compared to the cases with lower L/z0 ratios (Wood and Mason, 1993).
The shape of this plot illustrates that, for a given topography, there is a
certain value of z0 that maximizes the variations in bed shear stress
over sinusoidal bedforms. If the ratio L/z0 is too low, the bed shear
stress variations are small because the bedforms are too small to
experience the high-velocity winds that occur far from the bed. If the

ratio L/z0 is too large, backpressure effects act to limit the bed shear
stress. In between these two extremes, an optimal condition exists
where the bedforms are tall enough (relative to the roughness length)
to drive signiﬁcant ﬂow compression and expansion but not so tall
that backpressure and form drag become a limiting factor. In addition
to the magnitude of bed shear stress variations, the roughness length
also controls the phase shift between the bed shear stress and the
topography. For larger values of z0, the maximum of bed shear stress is
shifted further upwind from the bedform crest.
The J&H ﬂow model is a linear model that is accurate to within a
few percent only for maximum slopes less than approximately 0.2 (i.e.
≈10°). Because mature bedforms commonly attain slope angles close
to or equal to the angle of repose, some modiﬁcation to the J&H model
is necessary in order to model the development of ripples and dunes.
Schwammle and Herrmann (2004), for example, modiﬁed the bed
shear stress predicted by the J&H model on the lee side of growing
dunes using a geometric model for the region of ﬂow separation. This
approach neglects the effect of ﬂow separation (and of drag-induced
backpressure more generally) on the rest of the boundary layer.
Consider the case of ﬂow over steep ramps (forward and backwardfacing), illustrated in Fig. 4. In the forward facing case, we can expect
the normalized bed shear stress or speedup ratio above the ramp to
increase with increasing ramp angle, at least for small angles. This is
because ﬂow lines converge as the ﬂow moves over the step, causing
higher velocity gradients and bed shear stresses. In the extreme case
of a vertical step, however, the ﬂow will stagnate behind the step and
the speedup ratio will be lower than that of a ﬂat surface. In that case,
the stagnation zone in front of the step leads to a low shear stress
because of the backpressure that develops behind the zone of stagnant
ﬂow. Between these two extreme cases, there must be some transition
from increasing bed shear stress to decreasing bed shear stress as the
ramp slope increases. The J&H model, however, predicts an increasing
bed shear stress for all slopes. Although the J&H model does include
the backpressure effects associated with gentle slopes, it is clear that
the J&H model (or any other linear model) does not include the
transition of increasing bed shear stresses to decreasing bed shear
stresses as slope angle increases and nonlinear ﬂow effects become
dominant.
In order to quantify the nonlinear relationship between bed shear
stresses and bed slope, I computed the boundary layer ﬂow over
forward- and backward-facing ramps of various inclinations using the
Nonlinear Mixed Spectral Finite Difference Model (NLMSFD) of Xu
et al. (1994). This model has been used successfully to quantify the
nonlinear effects of ﬂow separation on speedup ratios over sinusoidal
topography (Ayotte and Hughes, 2004; Ayotte, 2008). The open circles
in Fig. 4 represent the maximum bed shear stress on the inclined
portion of the ramp predicted by the NLMSFD model, with a step
height of 10 cm and a roughness length of 1 mm. These results indicate

Fig. 4. Plots of peak normalized bed shear stress, τb/τb0, over (A) forward and (B) backward-facing steps according to the Jackson and Hunt model (dashed line), modiﬁed, nonlinear
Jackson and Hunt model of this paper (solid curve, see text for details), and 2D Nonlinear Mixed Spectral Finite Difference (NLMSFD) model of Xu et al. (1994).
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that the maximum bed shear stress on a forward facing ramp initially
increases linearly with slope tan θ, following the prediction of the J&H
model closely until tan θ ≈ 0.2. As tan θ increases, the bed shear stress
reaches a maximum value at tan θ ≈ 0.4 and then decreases as
backpressure becomes a dominant factor. In the backward-facing
step case, the NLMSFD results follow the predictions of the J&H model
closely until separation occurs at tan θ ≈ 0.4. At larger slopes, the bed
shear stress remains close to zero in the nonlinear model, while the
linear model predicts negative bed shear stresses.
The NLMSFD model is too computationally intensive to be run in
3D during each time step of the bedform evolution model. Therefore,
some abstraction of the results of the NLMSFD model must be used.
Results from the NLMSFD model suggest a way in which the J&H
model can be corrected for nonlinear effects over steep topography. In
this modiﬁed model, which I refer to as the “modiﬁed, nonlinear J&H
model,” the local bed shear stress predicted by the linear model, τb, is
modiﬁed by the local slope in the downwind direction, ∂h/∂x,
according to a parabolic function:
 2 !
Ah
1−2
if
Ax

τb;nl = τb

Ah
N0;
Ax

ð8Þ

where the subscript nl refers to the nonlinear modiﬁcation. Fig. 4
shows that Eq. (8) closely follows the trend observed in the NLMSFD
results for the case of the forward-facing step. The precise shape of the
nonlinear transition plotted in Fig. 4 and represented empirically by
Eq. (8) will vary as a function of the shape of the step and the
aerodynamic roughness length, however. As such, Eq. (8) is only an
approximation based on representative NLMSFD results for ﬂow over
abrupt changes in slope. In the backward-facing ramp case, it is
appropriate to modify the bed shear stress predicted by the linear
model by making the stress equal to zero if the predicted value is less
than zero, i.e.
τb;nl = 0

if

τb b0:

ð9Þ

Eq. (9), which is not plotted in Fig. 4 because it follows the linear
model until the bed shear stress is equal to zero and then follows the
x axis at τb = 0 for higher values of tan θ, closely follows the trend
observed in the NLMSFD results for the case of a backward-facing step.
Once the bed shear stress is computed, the bedform evolution
model computes the ﬂux at each grid point, qx, using the relationship
1=2

qx = cτb ðτ b −τbt Þ if
0
if

τ b zτbt ;
τb bτbt

ð10Þ

where τbt is the threshold shear stress for entrainment and c is a
coefﬁcient that quantiﬁes the bed erodibility and is primarily a
function of grain size. The value of c is set to 1 in the model for
simplicity. As a result, the units of time in the model are arbitrary. The
threshold bed shear stress for entrainment, τbt, is given by
τbt = τ bt0

Sc + Ah
Ax
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
Ah2
Sc
+1
Ax

ð11Þ

where τbt0 is the threshold bed shear stress for entrainment on a ﬂat
bed, given by
τbt0 = A2 ðρs −ρÞgD;

ð12Þ

Sc is the tangent of the angle of repose (0.67), A is the entrainment
coefﬁcient (equal to 0.1 for air ﬂow over a sandy bed), ρs is the
sediment density, g is the acceleration due to gravity, and D is the
grain size (Bagnold, 1936). The threshold shear stress over ﬂat
topography, τbt0, can be introduced into the model most simply by
deﬁning the threshold to be a ratio, α, of the applied shear stress over
the initially ﬂat topography, i.e. α = τbt0/τb0. Topography inﬂuences
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sediment transport over bedforms in two separate ways. First,
topographic variations cause ﬂow compression and expansion that
increase or decrease bed shear stress, as represented in the modiﬁed,
nonlinear J&H model. Eq. (11) indicates that topography inﬂuences
sediment transport through an additional mechanism, however. The
local slope of the bed changes the threshold shear stress necessary to
entrain sediment (e.g., less bed shear stress is required to entrain
sediment from a lee slope due to the sloping geometry of the surface)
(Howard, 1977; Hardisty and Whitehouse, 1988; Willetts and Rice,
1988; Iversen and Rasmussen, 1999). This additional topographic
control on sediment transport has been neglected in recent bedform
evolution models (e.g. Stam 1996, 1997; Schwammle and Herrmann,
2004) by assuming τbt NN τbt0.
The bedform evolution model of this paper integrates the
boundary layer ﬂow and sediment transport models described
above with a modiﬁed version of Werner's (1995) bedform evolution
model. In the model, all of the length scales in the problem are scaled
to z0. As such, the value of z0 in the model is set to 1 and the height
and spacing of bedforms produced by the model have units that are
multiples of z0. In this way, the model represents the feedbacks between topography, air ﬂow, and erosion and deposition in a scaleindependent way. To scale the bedform heights and spacings predicted by the model to actual units, one needs only to multiply the
model predictions for height and spacing by a speciﬁc value of z0.
In Werner's model, sand units are picked up at random and
transported a unit distance ls downwind. In the present model, sand
units are entrained with a probability pe that depends on the local ﬂux
qx in the direction of the wind, with a coefﬁcient p0:
pe = p0 qx :

ð13Þ

Following downwind transport of the sand unit a distance ls, the
sand unit falls back to the bed with a probability pd that also depends
on ﬂux according to:
pd = p0 ð1−qx Þ

ð14Þ

Because Eqs. (13) and (14) relate the probabilities of entrainment and
deposition linearly to qx, the time-averaged ﬂux in the model is
proportional to qx. The value of p0 is chosen such that pe = 1 − pd ≈ 0 on
the lee sides of well-developed bedforms (i.e. in zones of ﬂow
recirculation where transport is predominantly by avalanching) and
pe = 1 − pd ≈ 1 on stoss sides. Since qx varies from approximately 0 (in
recirculation zones) to as high as 2.5 (on the stoss sides of mature
bedforms), a value of p0 between 0.3 and 0.4 is an appropriate default
value. Finally, as in Werner's model, avalanching occurs if the
entrainment or deposition of any sand unit causes an oversteepened
condition (i.e. a local slope angle in excess of 33°), and the avalanching
sand units are transported in the direction of steepest descent.
The bedform evolution model of this paper is fully deﬁned with six
parameters: N, the number of grid points in the x and y directions; Δx,
the width of an individual grid point; Δh, the height of an individual
sand unit; ls, the displacement unit of each sand unit; p0; and α. All of
the length scales in the model are scaled to the fundamental length
scale of the problem, z0. For the model results presented here, I use
N = 256, Δx = 500z0, Δh = 25z0, ls = Δx, p0 = 0.33, and α = 0 unless
otherwise noted. Time in the model is measured by the number of
time steps normalized by the total number of grid points N2. Varying
the values of Δh, ls, and/or p0 in the model affects how quickly
bedforms develop, but not the resulting geometry (height and
spacing) of those bedforms. If the value of Δh is lowered, for example,
the model exhibits smaller ﬂuctuations in sediment transport, hence
more time is required for the instability to develop. Varying Δx
changes the model resolution but does not change the geometry of
bedforms as long as individual bedforms are sufﬁciently well resolved.
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Fig. 5. Color maps of elevation predicted by the bedform evolution model with the linear Jackson and Hunt boundary layer ﬂow model at t = 100, 300, 1000, 3000, 10,000, and 30,000
(×N2) time steps. In the model, bedform spacing and crest line length increase until a steady-state condition is achieved after t ≈ 1000 × N2 time steps.

2.2. Model results
In order to determine the effects of the nonlinear relationship
between windward speedup ratio and bed shear stress on bed slope, let's
ﬁrst consider a “control” model run with a version of the bedform
evolution model that uses the linear J&H ﬂow model. Parameters for this
run are N = 256, Δx = 1000z0, Δh = 50z0, ls = Δx, p0 = 0.33, and α = 0. Fig. 5
illustrates color maps of the surface topography predicted by this

version of the bedform evolution model. A scale bar is included in the
upper left corner of the ﬁgure and the wind direction is from left to right.
Early on in the model run, narrowly-spaced bedforms are created with
short crest lines and a high defect density. Over time, bedform height,
spacing, and crest-line length all increase while defect density decreases.
After t ≈ 1000 ×N2, the model achieves a steady-state condition in which
there is no further growth in height or spacing. In steady state, the model
predicts that bedform spacing is equal to approximately 10,000 times

Fig. 6. Color maps of elevation predicted by the bedform evolution model with the modiﬁed (nonlinear) Jackson and Hunt boundary layer ﬂow model at t = 100, 300, 1000, 3000,
10,000, and 30,000 (×N2) time steps. In the model, bedform spacing and crest line length increase until a steady-state condition is achieved after t ≈ 1000 × N2 time steps.
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Fig. 7. Plot of (A) normalized spacing, λ/z0, and (B) normalized height, h/z0, versus time for the bedform evolution model with the linear Jackson and Hunt model (open circles) and
the modiﬁed, nonlinear version (close circles) based on an average of ten simulations. Early in the model, height and spacing grow proportionately to the square root of time (dashed
line), but eventually reach a steady-state condition in which height and spacing do not increase signiﬁcantly with time. (C) Field and wind tunnel experiments on ripple formation
showing that bedform spacing closely follows the square root relationship observed in the model for short time scales.

the roughness length (λ ≈ 10,000z0) and bedform height is approximately 3000 times the roughness length (h ≈ 3000z0.). This behavior is
illustrated in Fig. 7, which shows that the spacing and height of bedforms
both increase proportionately to the square root of time until a steadystate condition is achieved. The achievement of a steady-state condition
in this model can best be understood as a balance between two
competing effects that relate migration rate to bedform height. In
Werner's (1995) model, bedform migration rate is inversely proportional to bedform height. Over time, smaller bedforms migrate faster
than larger bedforms, causing bedforms to coalesce over time with no
preferred length scale. Hence, bedform size increases as a power law
over time with no maximum size. It should also be emphasized that the
increase in bedform height and spacing in Werner's model continues
even after all of the defects have been removed from the system. In
contrast, bedform migration rate in this model is inﬂuenced by bedform
height in two independent ways. As in Werner (1995), taller bedforms
migrate more slowly due to the increase in cross-sectional surface-areato-volume ratio with increasing height (which causes migration rate to
be inversely proportional to height if slopes are constant). Taller
bedforms, however, are subject to greater speedup ratios and bed
shear stresses for a given width (within a certain range of λ/z0), causing
taller bedforms to migrate faster than they do in Werner's model. This
boundary layer ﬂow effect does not only depend on the height of the
migrating bedform, but also on the heights of bedforms upwind and
downwind via boundary-layer interactions. The existence of a steadystate height and spacing in the model is related to a competition
between these two opposing effects. As with Werner's (1995) model,
however, this model is also limited in that it predicts symmetric bedform
proﬁles (i.e. both the stoss and lee slopes achieve angles close to the
angle of repose). Including a ﬁnite threshold shear stress (i.e. α N 0) in the
model does not measurably change the size of the resulting bedforms.
Figs. 6 and 7 illustrate the corresponding results for the bedform
evolution model with modiﬁed, nonlinear J&H ﬂow. The relationship
between bedform spacing and time in this version of the model is
broadly similar to that of the linear model illustrated in Fig. 5. Over time,
bedform height, spacing, and crest-line length all increase while defect
density decreases. After t ≈ 1000 ×N2, this model also reaches a steadystate condition. In contrast to the linear J&H model, however, bedforms

in this model are asymmetric, with slope angles of ≈20° on the stoss
slopes and close to 33° on the lee slopes (Fig. 8). In steady state, this
model predicts that bedform spacing is equal to approximately 3000
times the roughness length (λ ≈ 3000z0) and bedform height is
approximately 600 times the roughness length (h ≈ 600z0). This version
of the bedform evolution model is clearly the preferred version, both
because it incorporates a ﬂow model with more realistic nonlinear
effects and because it leads asymmetric bedform topographic proﬁles
similar to those observed in nature (Fig. 8). Including a ﬁnite threshold
shear stress (i.e. α N 0) in this version of the model also does not
measurably change the size of the resulting bedforms, but the shape of
the bedforms do change. The model predicts lower stoss slopes and
bedform aspect ratios with higher values of α.
2.3. Application to ripples
Available data on the growth of ripple spacing versus time is
consistent with the square root dependence on time observed in the
model prior to steady state. Fig. 7C illustrates ripple spacing data from

Fig. 8. Plot of normalized bed shear stress and topography as a function of downwind
distance predicted by the bedform evolution model with the modiﬁed, nonlinear
Jackson and Hunt ﬂow model. Bedforms are asymmetric, with maximum slope angles
on the stoss side of ≈ 15° and maximum angles on the lee side of 33°.
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a 25 minute ﬁeld experiment of ripple formation and two wind tunnel
experiments performed at different shear velocities. Werner and
Gillespie (1993) used this data to support a logarithmic increase in
ripple spacing versus time, but they ﬁtted their model to only a
portion of the data. Fig. 7C shows that, in the case of the ﬁeld
experiment and the wind tunnel experiment with high shear velocity
(i.e. u⁎ = 0.41 m s− 1), the entire dataset closely follows the t1/2
dependence, consistent with the model of this paper and with the
cellular automaton model of Werner (1995). The ﬁeld and laboratory
measurements were acquired over too short a duration to document
the transition to steady state, however. The results of the wind tunnel
experiment performed at lower shear velocity (i.e. u⁎ = 0.30 m s− 1) is
not consistent with a square root dependence on time. This could be
due to a transition to steady state. The limited resolution of the data,
however, makes it difﬁcult to reach any ﬁrm conclusion.
Next we evaluate the model prediction for the steady-state spacing
of ripples formed on an initially ﬂat surface. On a ﬂat surface with
active saltation, the aerodynamic roughness length is a function of the
grain size and the excess shear velocity. Using measured values of z0,
D, and u⁎ from the literature, Sherman (1992) proposed the following
expression:
z0 =

D
ðuT −uTt Þ2
+ Cm
g
15

ð15Þ

where Cm is an empirical, dimensionless parameter and
uTt = A

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ρs −ρ
gD
ρ

ð16Þ

In the ﬁrst term on the right side of Eq. (13), grain size inﬂuences
roughness because grains are the discrete units from which the bed is
composed and larger grains produce rougher microtopography and
hence greater drag on the boundary layer whether or not saltation is
occurring. During saltation (i.e. when u⁎ − u⁎t N 0), an additional
“saltation-induced” roughness occurs, represented by the second
term on the right side of Eq. (15). The magnitude of this effect
increases with the excess shear velocity, because higher values of
excess shear velocity cause greater saltation. Sherman (1992)
constrained the value of Cm to be 0.025 from 99 data points, the
large majority of which were measured in wind tunnels. More
recently, Sherman and Farrell (2008) used an analysis of an expanded
dataset of 291 data points to propose a value of Cm = 0.132 for ﬁeld
conditions. Sherman and Farrell (2008) documented that measurements of z0 from wind tunnels are, on average, approximately an order
of magnitude lower than those measured in the ﬁeld, due to the
effects of ﬂow conﬁnement in wind tunnels. This is the reason why the
value for Cm in ﬁeld conditions (0.132) is so much larger than the
originally-proposed value (0.025).
Eq. (15), together with the fundamental scaling of bedform height
and spacing to roughness length predicted by the bedform evolution
model of this paper, provides the technical basis for predicting the
dependence of ripple spacing on grain size and shear velocity in the
ﬁeld (Sharp, 1963; Wilson, 1972) and in the laboratory (Walker, 1981;
Andreotti et al., 2006). It should be noted that natural sand beds have a
range of grain sizes and it is possible that coarser grains have greater
inﬂuence on aerodynamic roughness than median-sized grains. For
this reason, many ﬁeld studies of the granulometric control of ripple
and dune spacing have used the grain size of the coarsest 20th
percentile (e.g. Wilson, 1972; Lancaster, 1988) instead of the mean
grain diameter, D, when testing the granulometric control of bedform
size. Here we will use Eq. (15) to estimate the roughness length during
ripple formation for comparison to measured data, even if the
measured data report P20 values, bearing in mind that values of D
may be signiﬁcantly lower than values of P20.
Fig. 9A plots the predictions of the model for a range of values of the
grain diameter and shear velocity, along with ﬁeld measurements of

Fig. 9. Plots of P20 and D versus bedform spacing for (A) ripples and (B) dunes. (A) Data
from Wilson (1972) (P20 reported, open circles) and Sharp (1963) (D reported, closed
circles). Solid curves represent model predictions assuming no positive correlation
between grain size and excess shear velocity. Dashed curve represents model prediction
assuming a linear correlation between grain size and excess shear velocity. (B) Data
from Wilson (1972) (P20 reported, open circles) and Lancaster (1988) (P20 reported, all
other symbols). In addition to grain size and shear velocity, predicted dune spacing is a
sensitive function of maximum ripple slope, δ.

ripple spacing verses grain size from the Saharan Sand Seas (Wilson,
1972) and from Kelso Dunes, California (Sharp, 1963). Measurements of
ripple spacing in wind tunnels (not plotted) are similar to the values
measured by Sharp (1963), e.g. Walker (1981) measured ripples from 5–
10 cm in spacing for median grain sizes of 0.2–0.8 mm. Fig. 9A plots the
ripple spacing predicted by the model (i.e. λ ≈ 3000z0), using Eq. (15)
with Cm = 0.132 (i.e. ﬁeld conditions) to estimate z0 as function of D or
P20 and u⁎ −u⁎t, for three excess shear velocity values: u⁎ −u⁎t ≥ 0, 0.1, and
0.2 m s− 1. For conditions just above the transport threshold, the model
predicts ripple spacings very close to the values measured by Sharp
(1963), e.g. λ = 4–8 cm for D = 0.25–0.5 mm and on the low end of the
values reported by Wilson (1972). As the excess shear velocity increases,
the predicted ripple spacing increases nonlinearly according to Eq. (15).
The dependence of ripple spacing on excess shear velocity for a ﬁxed
grain size has been investigated by Walker (1981) and Andreotti et al.
(2006). Both studies document a nonlinear increase in ripple spacing
with excess shear velocity, as predicted by the model. It should be noted
that the sensitive dependence of ripple spacing on excess shear velocity
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predicted by the model and illustrated in Fig. 9A applies only to ﬁeld
conditions. In wind tunnels, the value of Cm is approximately an order of
magnitude lower (Sherman and Farrell, 2008; but Cm will likely vary
with the size of the wind tunnel), and hence the model predictions for
ripple spacing in wind tunnels implies that larger excess shear velocities
are required to achieve the same increase in ripple spacing compared to
ﬁeld conditions.
It should be noted that Eq. (15) is only one possible model of
saltation-induced roughness. Eq. (15) assumes that saltation-induced
roughness (i.e. the second term on the right side of Eq. (15)) is not an
explicit function of grain size (i.e. except for the grain size dependence
implicit in u⁎t). For a given excess shear velocity, larger grains may
exert more drag on the ﬂow compared to smaller grains. In Sherman's
(1992) analysis, he noted that a multivariate analysis of measured z0
values versus both D and u⁎ − u⁎t revealed that saltation-induced
roughness does, in fact, depend on grain size, but the data were
inconclusive as to what particular form that dependence takes. One
difﬁculty with determining the grain-size dependence of saltationinduced roughness is the relatively narrow range of grain sizes over
which ﬁeld and wind tunnel experiments have been performed. In
Sherman's (1992) compilation, a large majority of measurements were
collected for grain sizes between 0.2 and 0.4 mm, i.e. much smaller
than the range of grain sizes studied by Wilson (1972).
Another complicating factor to consider is the potential correlation
of grain size and excess shear velocity in the ﬁeld. The model
predictions plotted in Fig. 9A assume that grain size and shear velocity
are independent variables. That is, each curve shows the trend in
ripple spacing predicted by the model for different values of P20 or D
assuming a uniform value of u⁎ − u⁎t across the study area. In the ﬁeld,
however, it is possible that grain size and excess shear velocity are
positively correlated. For example, areas characterized by higher
average excess shear velocity conditions could transport a greater
proportion of ﬁne sand, leaving behind a locally coarse lag. As an
illustration of the implications of such a correlation for ripple spacing,
let's assume that grain size and excess shear velocity are linearly
correlated in the ﬁeld such that:
D = aðuT −uTt Þ

ð17Þ

where a is an empirical coefﬁcient that varies from one dune ﬁeld to
the next but is constant within a given dune ﬁeld. The dashed curve in
Fig. 9A illustrates the ripple spacing predicted using Eq. (17)
substituted into Eq. (15), with a = 0.00015 s. The correlation represented by Eq. (17) is purely hypothetical, but it illustrates one
hypothesis for the nonlinear grain size control documented in the
Sahara by Wilson (1972). Similarly, if the saltation-induced roughness
is an increasing function of grain size, the model prediction for ripple
spacing will also become a nonlinear function of grain size similar to
the dashed curve in Fig. 9A. Although signiﬁcant uncertainties exist in
quantifying saltation-induced roughness and potential correlations
between grain size and excess shear velocity in the ﬁeld, the model
predicts values for ripple spacing that are similar to the range of values
observed in the ﬁeld and in wind tunnel experiments. In addition, the
model reproduces the positive correlation between grain size, excess
shear velocity, and ripple spacing observed in both ﬁeld and wind
tunnel measurements.
2.4. Application to transverse dunes
Once ripples form in areas with abundant sand supply, they
become the dominant roughness elements on the surface, thus
creating a larger effective roughness length. The scale-independent
nature of the bedform evolution model in this paper suggests that the
creation of a new, larger, effective roughness length caused by ripple
formation should trigger the same bedform instability that formed
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ripples at a larger spatial scale. This conceptual model suggests a
possible genetic linkage between ripples and dunes.
To apply this model to quantifying the spacing of dunes, it is
necessary to estimate the effective aerodynamic roughness length of a
rippled surface based on the roughness length of the initially-ﬂat
surface and the ripple morphology. The oceanographic literature
provides the necessary relationship to make this calculation (i.e.
Jacobs, 1989). In the oceanographic case, wind-generated water waves
are the roughness elements analogous to ripples in the eolian case.
Jacobs' (1989) analysis predicts that the effective aerodynamic
roughness length, ze, over sinusoidal topography is given by

 2 !
ze
1
L
δ ln
= exp
2
z0
z0

ð18Þ

where z0 is the roughness length of the originally-ﬂat surface
(calculated in Eq. (15)), L is the half-length of the ripples at the halfheight position, and δ is the maximum slope of ripples. Eq. (18) is only
accurate to approximately an order of magnitude, however, because
ripples are not sinusoidal and the predictions of Eq. (18) are very
sensitive to the maximum ripple slope, δ. Conceptually, the sensitivity
of ze/z0 to δ is a consequence of the fact that, in the vicinity of the
threshold slope for ﬂow separation, small changes in the bed slope can
result in large changes in the structure of boundary layer ﬂow.
Computational ﬂuid dynamic (CFD) modeling of boundary layer ﬂows
over ripples of various shapes and sizes will be needed to more
precisely quantify the value of ze/z0 for natural ripples. It should be
emphasized that the “new” roughness length caused by ripple
formation does not eliminate the roughness length of the initially
ﬂat surface. Rather, the velocity proﬁle above a surface with two
dominant scales of roughness is a composite velocity proﬁle
characterized by two roughness lengths, one that characterizes ﬂow
very close to the bed and one that characterizes ﬂow at a larger spatial
scale. It is the roughness length associated with this larger spatial scale
that controls the ﬂow convergence/expansion over dunes as they
develop.
Fig. 9B plots measured spacings of transverse dunes from the
Sahara Sand Seas (Wilson, 1972) and from the Skeleton Coast, Namib
Sand Sea, and Gran Desierto (Lancaster, 1988). In focusing on these
datasets I have intentionally left out dunes formed in areas of limited
sand supply (i.e. barchan, star, and longitundal dunes) for the reason
that the aerodynamic roughness length over dunes formed in areas of
limited sand supply will be controlled, in part, by the roughness
elements of interdune or sand-free areas rather than by grain size.
Taken collectively, dune spacing in the Wilson and Lancaster datasets
show a weak correlation with grain size. Within individual dune ﬁelds,
however, the correlation is much stronger. The solid curves in Fig. 9B
correspond to the model prediction for u⁎ − u⁎t ≥ 0, L/z0 = 750 (i.e.
assuming the model prediction for ripple spacing, i.e. λ ≈ 3000z0), and
several values for the maximum ripple slope: δ = 0.53 (i.e. the tangent
of 28°), 0.58 (30°), and 0.63 (32°). Fig. 9B illustrate the extreme
sensitivity of the model predictions to the maximum ripple slope, δ.
Limited data exist for the maximum slope of ripples, but Sharp (1963)
and Werner et al. (1986) put the range at between 25° and 30°.
According to the model predictions, dunes formed with maximum
ripple slopes of 28° have spacing values on the low side of measured
values, while dunes formed with steep ripples (up to a maximum
value of 33°) yield dunes with spacing values equivalent to the largest
measured dunes. Although the model results are only illustrated for a
single value of u⁎ − u⁎t, the model predicts that dune spacing will
increase with increasing u⁎ − u⁎t, in the same proportion as it does for
ripple spacing in Fig. 9A. As such, an increase in excess shear velocity
or maximum ripple slope results in larger dunes according to this
model. The sensitivity of dune spacing to the maximum ripple slope
provides one possible explanation for the variation in dune spacing
between dune ﬁelds. Similarly, variations in shear velocity from one
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dune ﬁeld to another may also be responsible for variations in dune
spacing between dune ﬁelds.
3. Discussion
The model of this paper clearly shows that ripples and dunes reach
a steady-state condition in which they migrate downwind without
further growth. Using a broadly similar model of transverse dune
formation (i.e. a mass conservative model of coupled boundary layer
ﬂow with erosion, deposition and avalanching), however, Schwammle
and Herrmann (2004) concluded that bedform height and spacing
increased proportionately to the square root of time indeﬁnitely. This
discrepancy is explained by the fact that Schwammle and Herrmann
(2004) plotted their results over only one order of magnitude of time.
Fig. 7 illustrates that the initial period of bedform growth takes place
over two orders of magnitude in time prior to the attainment of steady
state.
The model results of this paper provide a preliminary processbased understanding of the grain size and wind velocity controls on
the height and spacing of transverse eolian bedforms documented by
Sharp (1963) and Walker (1981) for ripples, and Wilson (1972) and
Lancaster (1988) for dunes in areas of abundant sand supply. The basis
for this understanding is the numerical model prediction that the
steady-state height and spacing of transverse eolian bedforms scales
with the aerodynamic roughness length. In the model, ripples form
from a ﬂat bed with a height and spacing that increase with increasing
grain size and excess shear velocity, both of which control the
aerodynamic roughness length z0 via Sherman's relation (i.e. Eq. (15)).
Once ripples form, they become the new dominant roughness
element on the surface. The effective roughness length of the rippled
surface triggers bedform creation at a larger scale, thus creating dunes.
As a result, the spacing of dunes is also controlled by grain size and
excess shear velocity in this model, because the effective roughness
length of the rippled surface (i.e. Eq. (18)) is larger than the original
roughness length of the ﬂat surface by a constant scaling factor that
depends on the detailed shape (i.e. maximum slope) of the ripples. It
should be noted, however, that dune formation in nature and in the
model does not require the existence of ripples. Instead, dunes can
form on any surface with an aerodynamic roughness length similar to
that of ripples, including gravel surfaces. For example, dunes are
predicted to form in the model with a spacing of approximately 100 m
if the aerodynamic roughness length is approximately 1/3000 of that
value, i.e. 3 cm. Roughness lengths of this value are broadly consistent
with roughness lengths of gravel surfaces without ripples.
Wilson (1972) argued that megadunes represent a distinctly
different type of bedform from dunes, based on the fact that dunes
and megadunes are distinct populations in his granulometric plot.
Recent research, however, suggests that megadunes are composite
bedforms that represent multiple periods of construction (e.g. Stokes
and Bray, 2005; Bristow et al., 2007). The model of this paper, with its
dependence on excess shear velocity, is broadly consistent with this
composite-bedform hypothesis for megadunes. Speciﬁcally, megadunes with spacings of 1–3 km are predicted to form in the model
under conditions of high average shear velocity (e.g. u⁎ − u⁎t = 0.25–
0.4). Such conditions may have occurred over sufﬁciently long time
periods during glacial climates for megadunes to form. According to
this hypothesis, present conditions may be characterized by lower
effective excess shear velocities. As a result, the dune-forming instability may be concentrated at smaller spatial scales than those that
were active when megadunes formed.
Although the numerical model of this paper represents the best
compromise between computational speed and realistic boundary
layer ﬂow necessary to model ripples and dunes as they evolve over
many time steps, it is important to emphasize that a complete
numerical model for eolian bedforms will require a model that more
accurately quantiﬁes how steep slopes and ﬂow separation impact the

entire boundary layer. In this paper, I incorporated the nonlinear
effects of ﬂow around steep topography by a local slope-dependent
correction term. This approach provides, I believe, the best compromise between computational speed and model realism given that
more complex turbulence models are computationally far too
intensive to be coupled to complex, evolving bed topography in 3D.
A complete model for bedforms will also require a model that includes
multiple grain sizes and the role of sorting on bedform morphology as
bedforms develop.
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