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Abstract We performed power-spectral analyses on 133 globally distributed lake-level time series after
removing annual variability. Lake-level power spectra are found to be power-law functions of frequency
over the range of 20 d21 to 27 yr21, suggesting that lake levels are globally a f 2b-type noise. The spectral
exponent (b), i.e., the best-fit slope of the logarithm of the power spectrum to the logarithm of frequency, is
a nonlinear function of lake surface area, indicating that lake size is an important control on the magnitude
of water-level variability over the range of time scales we considered. A simple cellular model for lake-level
fluctuations that reproduces the observed spectral-scaling properties is presented. The model (an adapta-
tion of a surface-growth model with random deposition and relaxation) is based on the equations govern-
ing flow in an unconfined aquifer with stochastic inputs and outputs of water (e.g., random storms). The
agreement between observation and simulation suggests that lake surface area, spatiotemporal stochastic
forcing, and diffusion of the groundwater table are the primary factors controlling lake water-level variability
in natural (unmanaged) lakes. Water-level variability is generally considered to be a manifestation of climate
trends or climate change, yet our work shows that an input with short or no memory (i.e., weather) gives
rise to a long-memory nonstationary output (lake water-level). This work forms the basis for a null hypothe-
sis of lake water-level variability that should be disproven before water-level trends are to be attributed to
climate.

1. Introduction

Lake water-level time series can be separated into stochastic fluctuations superimposed upon annual varia-
tions. The stochastic component of natural time series is often self-affine fractals [Turcotte, 1992]. A signal is
considered self-affine when an independent rescaling of the coordinate axes results in a new signal that is
statistically indistinguishable from the original signal. Calculating the power spectrum is one method to
determine self-affinity. The power (S) at a given frequency (f ) is the complex Fourier coefficient squared
over the record length. A time series is a self-affine fractal if the power spectrum is a power-law function of
frequency:

Sðf Þ / f 2b (1)

where b is the power-spectral exponent. b is a useful metric because it quantifies how variability is distrib-
uted across the frequency domain (i.e., b is the slope of the log-transformed power spectrum fit to the loga-
rithm of the frequency). Determining the spectral structure of a time series facilitates an understanding of
the processes responsible for autogenic variability, if any exist. There is also a practical importance to quan-
tifying b. When b > 0, the time series is long-range persistent (LRP), meaning adjacent values are more
likely to be similar than dissimilar. Processes displaying LRP are also referred to as long-memory processes.
If 0 < b < 1, the series is stationary such that both the mean and variance are constant; when b � 1, the
series is nonstationary such that the mean and variance change with record length. The special case of b50
is a stationary signal with no persistence (memoryless), termed white noise. For a more in-depth discussion
of self-affinity in natural time series, see Malamud and Turcotte [1999].

Hurst [1951] first analyzed the stochastic component of water levels in dammed lakes to quantify lake-
storage capacity. In his model, water volume through time is the integral of all previous upstream flows
minus the average outflow; variability in water level is directly related to variability in upstream discharge.
Pelletier and Turcotte [1997] showed that stream discharge records universally follow a power-law power
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spectrum where Sðf Þ / f 20:5. Integrating a signal with the spectral form of equation (1) yields a new signal
with a b value that is two plus the b value of the original signal. Given the time and space-independent scal-
ing of stream discharge, Hurst’s simple model would imply that all dam water-levels, and by extension all
lake water-levels, should have variability that is characterized by a power spectrum of the form Sðf Þ / f 22:5.
In this paper, we demonstrate that this null hypothesis is ruled out by the results of our data analysis, and
we propose an alternative model.

Many lake inflow and outflow processes have associated natural variability that is characterized by self-
affinity. At short-time scales (days–weeks), spatiotemporal self-affinity in precipitation (i.e., weather) is
driven by atmospheric turbulence. Precipitation can also follow multiple indirect pathways before discharg-
ing to a lake: precipitation runoff, snowmelt, and groundwater discharge into streams and lake bottoms.
Surface runoff from precipitation is routed through the landscape where geomorphic and hydrologic dis-
persion lead to temporally self-affine discharge records [Pelletier and Turcotte, 1997]. Chemical tracers in
stream flow show landscape residence times are self-affine thereby reflecting the roles of both dispersion
and advection within a catchment [Kirchner et al., 2001]. These results imply that surface flows are diffusive
across the surface of a landscape. At the lake surface, evaporation rates depend on both the lake-
atmosphere temperature differential and vapor pressure deficit such that evaporation rates reflect the self-
affinity in humidity and temperature records [Vattay and Harnos, 1994; Pelletier and Turcotte, 1997]. Ground-
water discharge is also self-affine as a consequence of the influence of scale-invariant topography on the
groundwater interface [Worman et al., 2007]. These examples illustrate that self-affinity, and therefore a
broad of timescales, are characteristic to many key processes influencing the lake domain. Importantly, the
scaling parameters describing self-affinity of these processes often do not vary in space or time (i.e., they
are universal). Research shows that atmospheric temperature [Talkner and Weber, 2000], precipitation [Peters
and Neelin, 2006], discharge [Hurst et al., 1965; Pelletier and Turcotte, 1997; Peters and Christiansen 2002], and
humidity [Miyake and McBean, 1969; Phelps and Pond, 1971] contain universal scaling. Therefore it is a
reasonable hypothesis that lake-levels fluctuations might also be characterized by space and time-
independent scaling parameters. However, this work shows that while lake-level fluctuations are also self-
affine, there is no universal scaling in lake-level power spectra.

Lake levels are often studied under the assumption that they respond quickly and linearly to precipitation
and runoff such that they are directly attributable to climate variability and climate change [Adrian et al.,
2009; Williamson et al., 2009]. The Great Lakes are widely studied for evidence of contemporary water-
level-climate connections because of the long instrumental records available. There is evidence for a 13
year oscillation in Great Lakes water-levels that correlates with atmospheric general circulation patterns
[Watras et al., 2014]. Predictor climate variables used in a dynamic linear model show that Lake Superior
water levels may be predicted with greater accuracy compared to a random-walk-based model [Lamon
and Stow, 2010]. Estimates of spectral coherence between Great Lakes and Pacific Decadal Oscillation
show significant coherence at interdecadal frequencies and with Trans-Ni~no Index at frequencies of
ð3–7Þ21 yr21 [Ghanbari and Bravo, 2008]. These and many other studies show links between water level
and climate variability or climate change, see for example: Mercier et al. [2002]; Wilcox et al. [2007]; Cr�etaux
and Birkett [2006]; Gibson et al. [2006]; Wang et al. [2010]; and Srivastava et al. [2013]. However, other stud-
ies show that while water levels and climate cycles may be correlated, it is difficult to either isolate the
effect of individual forcings or attribute water-level trends to that forcing [Pasquini et al., 2008; Sellinger
et al., 2008]. In other studies, it is found that groundwater dynamics and catchment hydrologic responses
may modulate or dominate hydroclimatic signals [Crowe, 1993; Almendinger, 1993; Smith et al., 1997; Cla-
uer et al., 2000; Fritz, 2008; Istanbulluoglu et al., 2012, Molinos and Donohue, 2014]. This is because at the
catchment scale, hydrologic and geomorphic dispersion ‘‘diffuse’’ surface runoff via river networks result-
ing in a distribution of travel times [Rodriguez–Iturbe and Rinaldo, 1997]. At the surface-subsurface inter-
face, soil moisture, runoff, and infiltration capacity can lead to a chaotic surface runoff response because
soil moisture introduces hysteresis into the system [Phillips, 1992]. Groundwater flows in the subsurface
lag surface recharge, sometimes by the order of tens of thousands of years in deep flow systems [Freeze
and Cherry, 1979]. The wide range of outcomes obtained by these water-level-climate-connection studies
highlights the urgent need for a null model of lake-level variability, i.e., a model that includes short-term
forcing (i.e., weather) and its propagation through the hydrologic system, but not the longer-term effects
of climate change.
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Lake water-levels have not been extensively tested for self-affinity except for in a limited number of cases.
For example, Amazonian floodplain water-levels can be accurately modeled as annual periodicities with
Brownian noise (self-affine random noise where b52) superimposed [Lima et al., 2003]; additionally this
study shows using nonlinear predictive techniques that low-dimensional chaos was not driving the
observed power-law power spectra. Water-level records of the Great Lakes have been found to be self-
affine multifractals [Smigelski, 2013]. The Hurst exponent (Hu) is another commonly used metric for describ-
ing self-affinity and is related to b by the relationship b52Hu21 [Malamud and Turcotte, 1999]. Water level
fluctuations in a select group of Patagonian lakes were identified to be fractal characterized by a Hurst
exponent in the range 0:59 < Hu < 0:61 [Pasquini et al., 2008] indicating weak persistence. Case studies
using detrended fluctuation analysis [Li and Zhang, 2007] and power-spectral analysis techniques [Little and
Bloomfield, 2010] also show random-fractal scaling of water-table-depth time series in unconfined aquifers.
Additionally, a compilation of global water-table depth reveals large-scale variability in shallow ground-
water fields and highlights the strong influence of shallow groundwater fields on lakes, rivers, and wetlands
[Fan et al., 2013]. In our analysis, we present a stochastic model for coupled lake-aquifer dynamics and use
this model to give insight into observations of self-affinity and lake-size-dependent scaling.

In this paper, we use a stochastic partial differential equation to model the lake-aquifer system. Stochastic
time series that have power-law power spectra are known in the physics literature as f 2b noises. Noise spec-
tra are notable because all periodicities are present in the data as opposed to distinct spectral peaks that
may be related to a specific periodic or quasiperiodic deterministic forcing. Numerous models have been
proposed that generate noise spectra; unfortunately the large number of processes exhibiting and models
capable of producing f 2b noises precludes a generic explanation. In groundwater systems, the Boussinesq
equation with an infiltration term describes the time evolution of the water table surface in an unconfined
aquifer [Bear, 1972]. Here we let the infiltration term be a white noise to incorporate the short-term spatial
and temporal variability associated with precipitation, stream discharge, and evaporation (i.e., weather forc-
ing) [Gelhar, 1974]. Our approach to model lake water-level fluctuations is to model the aquifer surrounding
a lake and consider the lake as an averaging subdomain of the aquifer. This work explores the Boussinesq
equation with a white a noise source term as a potential model for temporally self-affine lake-levels over
the time scales of weeks to decades. Rather than analytically solving this stochastic diffusion equation, we
adapt a cellular model called random deposition with surface relaxation (RDSR) [Family, 1986] to represent
the aquifer-lake system evolving under stochastic forcing. RDSR is a model originally developed to describe
self-affine atomic surfaces. This methodology provides a useful framework to study lake-level fluctuations
or any surface growth phenomena obeying a stochastic diffusion equation.

We present evidence showing that while lake-level power spectra conform to equation (1), there is no uni-
versal value for b. Given the universality of mass input and output spectra, this is contrary to what might
logically be expected. We find b is a function of lake surface area (A). In order to understand lake-size-
dependent spectral scaling, we present a simple cellular model based on the governing equations for
groundwater flow of the coupled aquifer-lake system. We report a new property of the RDSR model as it is
applied to lakes to explain lake-size-dependent spectral scaling, suggesting RDSR as a suitable model for
qualitatively understanding lake water-level variability across a specific range of time scales. In summary,
this paper contributes a global analysis of lake water-level spectra and proposes a generic model for the ori-
gin of lake level variability that is capable of reproducing empirical observations.

2. Analysis of Lake-Level Data
We analyze lake water-level records from three publicly available data sets. The Global Lake and Reservoir
Monitor database (referred to hereafter as GLRM) [Birkett and Reynolds, 2004] contains satellite-derived alti-
metric lake-level records concatenated from the TOPEX/POSEIDON, Jason-1, and Jason-2 satellite missions.
All lakes are sampled at 10 day intervals between 1992 and 2014. GLRM contains 76 of the worlds largest
lakes with surface areas spanning approximately 102 km2 to 106 km2. To create a data set with a more
complete range of surface areas, we include data from the Minnesota Department of Natural Resources
(MDNR) LakeFinder database [Minnesota Department of Natural Resources, ] and from the USGS water data
for the nation (USGS) database [U.S. Geological Survey, 2012]. MDNR contains water level records for approx-
imately 4500 Minnesotan Lakes. At random we retrieved 118 records constituting an unbiased sampling of
Minnesotan lakes since no preference was given to the lakes chosen for analysis. On average, MDNR records
span the years 1980–2012 with surface areas spanning 100 km2 – 102 km2. MDNR records contain irregular
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sampling intervals since most levels are recorded by the public. The USGS water resource database was
mined to increase the population size within the surface area range from 102km2 to 103km2 adding seven
more records to the analysis. There is no criterion for how lakes are queried from the database that might
introduce bias. Records with data gaps larger than 1 year or total record lengths less than 10 years are dis-
carded resulting in 133 records for analysis. The average length of the records found suitable for analysis is
27 years. When a record contains a gap lasting longer than 1 year, but contains at least 1 continuous section
longer than 10 years, the longest subsection is kept for analysis. Annual periodicities are removed by calcu-
lating the average water-level during each month and subtracting the monthly averages from the record.

Power spectra are estimated using the Lomb-periodogram method [Lomb, 1976] because most records con-
tain data gaps or irregular sampling intervals. One particular issue encountered in spectral analysis is end-
point mismatch, which arises from the infinite record length required to calculate the true Fourier transform
of a record. To deal with end-point mismatch, we use a recently proposed mirroring technique [Smigelski,
2013]. To mirror a time series, the record is reflected on itself about one of the two end points resulting in a
new signal that is twice the original length and symmetric about both ends of the original time series. This
technique has advantages over windowing methods when applied to shorter time series. Commonly used
Welch and Han windows artificially increase power at low frequencies giving an increased (false estimate)
of b for shorter nonstationary time series [Smigelski, 2013]. Another issue arises when estimating b directly
on the log-transformed spectrum. Since the density of frequencies increases logarithmically, a standard lin-
ear regression model estimates a slope representative of higher frequencies while containing less predictive
power at lower frequencies. In particular, if the spectral variance is large at high frequencies, this may result
in a biased estimate of b. One method to circumvent this issue is by resampling the data into logarithmi-
cally spaced frequency bins where each point represents the average power over some bandwidth. One
can also reduce spectral variance at the higher frequencies by averaging spectra together [Press et al.,
1992]. Unfortunately multiple realizations of the power spectrum are not always available and so this
approach may not always be possible. A third option is to use the bootstrap method. This is a nonparamet-
ric resampling approach and is useful for estimating spectral slope because it relaxes the condition of nor-
mality in the distribution of the data and therefore will correct for the bias caused by increased variance at
higher frequencies. Additionally, the bootstrap method provides estimates for the confidence intervals for
the estimate of slope. All b are fit between the low and high-frequency scaling breaks using the bootstrap-
ping procedure outlined in Menke and Menke [2012]. The high-frequency scaling break is taken as the break-
point in a segmented linear regression of the smoothed power spectrum which provides a rough estimate
of the range of frequencies over which the power-law scaling holds. In Figure 1, we depict the aforemen-
tioned procedures using one record taken from the following analysis.

Figure 2 shows the averaged power spectrum of all records in each of the three databases. This shows the
average behavior of all records queried is power-law over a broad range of frequencies, the utility is not
needing to show that the individual spectra conform to a power-law as it is not feasible to display 133 indi-
vidual spectra. Figure 3 shows b for all 133 records plotted against the log base 10 of surface area. We fit a
function with the following form:

b5K2e
2A=A0 (2)

to the data, where K represents the asymptotic value of b and A0 is a characteristic area. The reason for this
functional form is detailed in the discussion section. A nonlinear least squares regression finds the fitted
parameter values and their 95% confidence bounds are K51:90 6 0:16 and A053:17 6 1:68 km2. This
implies that for each order of magnitude increase in lake surface area, fluctuations are becoming increas-
ingly nonstationary and persistent until reaching a threshold value of b51:90 6 0:16. Nonstationary sto-
chastic signals have the property of an increasing distance from the mean with increasing time. As a signal
becomes increasingly nonstationary (increasing b), it follows that the signals range (minimum subtracted
from the maximum) would also increase. Figure 4 shows the range as a function of surface area. The slope
of a linear regression of the log-log transformed axes in Figure 4 has a 95% confidence interval of
20:07 6 0:04. In the following section, we present a model to explain the observed f 2b spectral scaling and
surface area dependence of b observed in Figures 1–3.
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3. Physical Model

Here we present a cellular model for fluctuations of the aquifer-lake system. The model is effectively a dis-
cretization of the linear Langevin equation [Barabasi and Stanley, 1995]. Darcy’s law states that the flux of
water,~qðm2s21Þ, through an area is equal to the hydraulic gradient,~q5K ~rh. The hydraulic conductivity is
K , and hð~x ; tÞ is the aquifer height which is a function of space,~x , and time, t. Combining Darcy’s law and
the conservation of mass yields the linearized Boussinesq equation:

@hð~x ; tÞ
@t

5D ~r2
hð~x ; tÞ1gð~x ; tÞ (3)

describing groundwater flow in a homoge-
neous and isotropic aquifer with diffusivity,
D, and white noise infiltration recharge,
gð~x ; tÞ. White noise has a Gaussian distribu-
tion and is uncorrelated in space and time:

hgð~x ; tÞi50 (4)

hgð~x ; tÞgð~x ’; t’Þi52Dddð~x2~x ’Þðt2t’Þ (5)

The infiltration component represents the
spatial and temporal randomness forcing
of the water table in an aquifer with
recharge from precipitation, and in the
lake subdomain represents both over lake
precipitation and the randomness of
stream discharge, evaporation, and
groundwater fluxes from the surrounding
aquifer. We discussed self-affinity in hydro-
climatic forcing earlier by reviewing studies
showing that many processes relevant to
lakes contain a short but nonnegligible
memory structure. Here we are choosing
to model the input forcing as a single
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Figure 1. (a) Raw time series data of lake level from Topex/Poseidon data set. (b) Lomb-periodogram of raw time series. Spectra have a significant peak related to seasonal periodicities.
(c) The raw time series from Figure 1a after the time series has had the seasonal trend removed. (d) The Lomb-periodogram of the deseasonalized time series in Figure 1c. The peak at
the seasonal cycle has been removed. The black line indicates the location of scaling breaks and the region to be regressed for calculating. (e) The Lomb-periodogram of the deseasonal-
ized time series. The black line is the slope of the spectrum as calculated by the Bootstrap method over the scaling range indicated by Figure 1d. The shaded gray area represents
the 95% confidence region of the regression.

10
5

10
4

10
3

10
2

10
1

10
0

10
2

10
1

10
0

10
1

10
2

10
3

Frequency (day 1)

S
(f

)

 

 

GLRM
MDNR
USGS

GLRM
MDNR
USGS

Figure 2. Averaged power spectrum of lake-level time series grouped by
database: GLRS (black), MDNR (dark gray), and USGS (light gray). The individ-
ual spectra of all time series analyzed are power-law over the range of
approximately 20 d21 to 27 yr21. The average spectrum for each database is
shown to demonstrate the power-law power spectral behavior of all time
series in an average sense.

Water Resources Research 10.1002/2015WR017254

WILLIAMS AND PELLETIER LAKE-LEVEL TIME SERIES 7262



white noise process because we
seek to identify the degree to which
water-level variability is related to
autogenic dynamics rather than the
effects of temporal autocorrelation
in input.

The Langevin equation in the form
of equations (3)–(5) has been exten-
sively studied, most notably to
understand voltage fluctuations in
condensed-matter systems [Vliet
and Fasset, 1964; Voss and Clarke,
1976; Dutta and Horn, 1981]. Voss
and Clarke [1976] analytically
derived the power spectrum for a
stochastic diffusion equation similar
to equation (3) but with noise in the
flux (@g=@t) rather than additive
noise (g). They showed that inte-
grating the fluctuations over a one-
dimensional scalar field leads to
spectra where S / f 21:5. It can be

shown that for equation (3), the power spectrum is related to the spatial dimension, d, of the interface (e.g.,
d52 for a square lattice).

S / f
d
222 (6)

resulting from a scale invariant standard deviation of surface height, rðL; tÞ / LaT b [Family, 1986; Turcotte,
1992]. For a derivation of equation (6), see the Appendix in Pelletier and Turcotte [1997].

Scaling properties of the linear Langevin equation have been studied by numerical experiments on a
d-dimensional square lattice undergoing random deposition and surface relaxation of particles. Lattice
boundaries are periodic and g is the number of lattice sites along a given dimension. During one iteration,
gd indexed sites are selected uniform randomly for particle deposition. Lattice and surface height units are
pixel lengths, p. If a site is selected for deposition, the height at that site increases by p. If a chosen site is

not the local minimum, the deposited par-
ticle repositions to occupy the lowest
neighboring site. Figure 5 is an example of
a particle being deposited onto the inter-
face: the randomly chosen lattice site is
not a local minimum and in this case,
because only one neighboring site is mini-
mum, this particle is deposited at the
neighboring cite indicated by the dashed
arrow. It has been demonstrated that the
RDSR algorithm maps directly onto equa-
tions (3)–(5) by symmetry arguments
[Hwa and Kardar, 1992; Barabasi and Stan-
ley, 1995], and comparison of numerical
experiments with analytically derived scal-
ing properties [Family, 1986; Barabasi and
Stanley, 1995]. New particles are constantly
added to lattices sites so the model eleva-
tion, Hð~x ; tÞ, increases on average. The
average model elevation, Hð~x ; tÞ, is
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Figure 3. Scaling exponent (b) of individual lake time series versus lake surface area.
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proportional to the time step and
because it grows in time without
bound, a new surface hð~x ; tÞ is
calculated

hð~x ; tÞ5Hð~x ; tÞ2Hð~x ; tÞ (7)

and is equivalent to the aquifer height
variable in equation (3). The RDSR
model was first applied in a geologic
context when Pelletier and Turcotte
[1996] showed this model explains the
red noise power spectra observed in
fluvial topography resulting from dif-
fusive sedimentation and random
avulsing of channels. Here we con-
sider an aquifer as a diffusive media
evolving according to the linear Lan-
gevin equation. A lake is the mean
height within a circular subdomain of
the aquifer. Synthetic lake-level time
series are obtained by recording the
mean height in the lake subdomain
once each iteration; this time series is
the numerical equivalent of the sto-
chastic component of observational

lake records. By adjusting the radius of the averaging subdomain, we can test for lake surface area depend-
ence of b.

Figure 6 shows hð~x ; tÞ for the entire model domain (n5256) after the steady state is reached (n2 iterations).
Figure 7a is the surface height at a single lattice site, representing the smallest possible lake. Through a
series of simulations where both lake size and lattice size are varied, b is calculated for each resultant time

series (Figure 8). Across all sim-
ulations, b increases until satu-
rating at large A. For
simulations on smaller lattice
sizes, a finite size effect is
observed such that after the
limiting value of b is reached, b
saturates at lower values, and
decreases slightly. This is a
finite size effect in the sense
that as lattice size increases,
both the saturating value of b
and the location where b satu-
rates changes (increases) by a
small amount. We find that the
simulation with the largest
domain size shown, depicted in
Figure 8 by the star symbol, is
the limit of this numerical arti-
fact since doubling the domain
size beyond that which is
depicted does not change the
results in any significant way.
The origin of this numerical

Figure 5. A depiction of the random deposition with surface relaxation algorithm.
A particle site is initially selected for deposition. Since the initially chosen site was
not the local minima, the particle will move to the nearest local minima in cells
Moore neighborhood. Out of the four neighboring sites, only one site is lower than
the rest so the arrows indicate the particle will relax to this site upon deposition.
Since in this illustration the area of the interface is 16 pixels, one time step has
passed only after 16 cells have been deposited. The width and height units of each
deposited particle are pixel lengths, p.

Figure 6. Aquifer surface height field hð~x ; tÞ from model simulations with domain size
n5256. Area units are pixel length squared (p2). Aquifer height as indicated by the colorbar,
have units of length p.
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effect is not completely understood,
but we suspect it arises from model-
ing a continuous partial differential
equation (the linear Langevin equa-
tion our case) with a discrete formu-
lation which, under smaller domain
sizes, is of insufficient resolution. As
we increase the domain size, the true
scaling behavior of the linear Lange-
vin equation is approached. Using
the results where the lattice size is
n51024, the parameters values and
95% confidence bounds correspond-
ing to equation (2) are K51:71 6

0:50 and A05 2:06 6 0:06ðp2Þ. Con-
trary to the lack of dependence of
the range on surface area in the
observational data (Figure 4), the
simulated range in water-level fluctu-
ations (Figure 9) decreases with
increasing surface area. This occurs
because as the surface area increases
relative to the domain size, the mean

height of the lake subdomain approaches the mean height of the whole domain. When the lake area is equal to
the domain area, then hð~x ; tÞ5Hð~x ; tÞ and the range becomes zero.

4. Discussion and Conclusions

In this paper, we have presented an analysis of globally distributed lakes showing that lake water-levels are
universally self-affine and a simple model that reproduces power-law power spectra and size-dependent
spectral scaling. While case studies report self-affinity in lake levels, the contribution of this work is to show
that lakes globally display temporal self-affinity with an exponent that depends systematically on lake sur-

face area. We provide a possible
globally applicable mechanism by
which this may occur: stochastic-
infiltration and diffusive-smoothing
of the groundwater table. The
numerical model is based on the
linear Langevin equation, a noisy
diffusion equation that can be
derived from first principles in a
hydrologic context by considering
mass conserving flow in an uncon-
fined aquifer with white noise term
representing the short-term variabil-
ity of weather. Numerically solving
@h=@t for the entire aquifer-lake
domain via the random deposition
with surface relaxation method pro-
vides a way to explore the lake sur-
face area dependence of b. This
work forms the basis for a null
hypothesis of lake water-level vari-
ability: inputs with short or no

Figure 7. Example of model output time series. (a) Transect across a subset of the
model domain after n2 model iterations. (b) Time series of surface height at a point in
the model. Time is showing the first 3000 model iterations after the model has reached
saturation. Units of surface height hð~x ; tÞ are in units of pixel width, p.

Figure 8. Scaling exponent versus surface area for model simulations with increasing
domain sizes (domain size represented by symbol). The scaling exponent increases
log-linearly with lake-surface area, then saturates when lake area is comparable to
domain size.
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memory (i.e., weather and stream dis-
charge) give rise to a long-memory
nonstationary lake water-level output.
This does not imply that deterministic
models invoking longer-term climate
forcings are wrong, but rather that it
should first be disproven that observed
variations are not the result of auto-
genic variability caused by the internal
integration of weather and other short-
memory processes.

Numerical models tracking lake water-
level range from simple to complex.
The mass-balance approach is the
most common method for simulating
lake levels. While the complexity of
mass-balance models can vary consid-
erably, the essence of these models is
to prescribe mass fluxes due to precip-
itation, evaporation, streamflow, and
groundwater flows. Changes in water
volume are tracked and converted to
changes in water level. Discrete cellu-

lar models such as the MODFLOW Lake package allow the user to specify heterogeneity in lake bathymetry,
bed hydraulic properties, and forcing. Barnett and Pierce [2008] took a novel simplified modeling approach
to predict the length of time before Lake Mead may reach critically low levels. They generated synthetic vol-
umetric flow-rate time series calibrated to annual field measurements of inflow and outflow. By superposing
fractional Gaussian noises with annual trends, they captured LRP in lake levels, resulting in water levels that
are statistically indistinguishable from the observational data. Models with increased detail and complexity
are particularly useful for engineering applications and case studies. However it has been argued that
increased model complexity does necessarily lead to enhanced understanding of the system, particularly
when a system can be described at multiple space and time scales [Murray, 2007]. If the objective is insight
about some phenomenon rather than accurate prediction, then a simplified modeling approach is often
more instructive.

Temporal self-affinity in the random deposition with surface relaxation model of Family, [1986] arises
through diffusion of stochastic deposition. This leads to a spatially correlated groundwater field. In the
absence of diffusion, hð~x ; tÞ would retain the properties of gð~x ; tÞ, described by equations (4) and (5). The
wavenumber (k) power spectrum, SðkÞ, for surfaces undergoing RDSR are self-affine. After model saturation,
spatial oscillations of all wavenumbers are simultaneously present such that smaller oscillations are embed-
ded within larger oscillations. In the case of simple diffusion, the relaxation time of a sinusoidal bump in an
infinite medium is proportional to wavelength squared, implying larger fluctuations take longer to diffuse.
In principle, all decay timescales are present because SðkÞ is saturated across all wavenumbers. The concur-
rence of all wavelengths with size-dependent relaxation times is the mechanism behind the temporal auto-
correlation of RDSR surfaces. Small oscillations are embedded within larger slower diffusing oscillations
such that the subdomain average will be correlated with itself at previous instances because the larger
oscillations effect the overall average greater relative to smaller oscillations.

An area dependence in b is a new result and its importance is not just applicable to the current study. Voss
and Clark [1976] analytically derived Sðf Þ for a Langevin equation where the field was spatially averaged
over a portion of the domain, but a spatially dependent spectrum is not discussed in the literature. We have
shown numerically that a similar Langevin type equation has an averaging area-dependent spectrum.
Model results show the spectral scaling exponent is confined to the range 1 < b < 2. The spatial depend-
ency of b reflects the roles of horizontal and vertical mass fluxes when averaging over a subset of the model
domain. For the smallest lake size in the model, it has been shown theoretically and numerically, here and

Figure 9. Model range in lake level time series versus lake area. The range is calcu-
lated as maximum minus minimum lake level from model time series versus sur-
face area. The units for range are pixel edge length, p, and the units for lake area
are pixel length squared (p2). Symbols correspond to domain size used in simula-
tion. For each set of simulations, as lake size is increased, the range is lake level
decreases.
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elsewhere, that b51. For the largest lakes in model, diffusive horizontal mass fluxes cause negligible fluctua-
tions in the average surface height in contrast to the vertical variations in mass fluxes. The converse is true
for the smallest lakes where the horizontal noise in mass fluxes dominate over the vertical variations. Physi-
cally we can interpret this to mean that fluctuations in smaller lakes primarily are reflecting the spatial vari-
ability due to noisy horizontal fluxes in mass and the larger lakes are primarily reflecting the temporal
variability in vertical mass fluxes.

In the numerical model, the relationship between b and A is best characterized by the asymptotic exponen-
tial model presented in equation (2). The minimum value of b is 1, b then increases over a several orders of
magnitude in lake surface area, then finally saturates at a value of 2 when A becomes large. Equation (2)
suggests that both the model and data have a single characteristic length-scale (square root of area),

ffiffiffiffiffi

A0
p

.
In the data, this length scale is

ffiffiffiffiffi

A0
p

51:78 km and in the model is 1:30ðpÞ. This is the only length scale in
both model and data. While we do not attempt to investigate an origin for this characteristic length scale,
we note the value of the length scale in the data is close to the rainfall-correlation length associated with
cumulus convective cells (ffi 2:3 km) [Collier, 1996].

The scatter in Figure 2 is likely related to uncertainty in lake-surface area, as well as the distinction between
snowmelt versus precipitation and precipitation-runoff-dominated lakes. Surface area is determined by
lake-bed geometry and water level at the time of measurement. Surface area through time will span a
greater range of values for larger shallow lakes and can be nonstationary through dependence on water-
level, increasing the predicted uncertainty on larger lakes in Figure 2. This is a possible reason for part of
the discrepancy between model and observations. A metric that is not dependent on a non-stationary vari-
able (e.g., catchment area or maximum lake capacity) would reduce this uncertainty. Initially, catchment
area was considered as a variable to test in the regression. A global study on the statistics of lake geometry
and various surface hydrologic characteristics reports that lake area and catchment area are not significantly
correlated [Bohacs, et al., 2003]. Yet the present study suggests lakes levels are globally characterized by
nonstationarity (b � 1). Nonstationary water level fluctuations in a lake bed with relatively low relief could
conceivably result in lake-surface areas that are nonstationary in time therefore obfuscating correlative sta-
tistics between lake size and catchment area. In this way, a relationship between b and catchment area
should not be ruled out solely on the basis of Bohacs et al. [2003]. Unfortunately information on catchment
area is not widespread and would require additional analyses beyond the scope of this work. Distinguishing
lakes fed primarily by precipitation/runoff from lakes fed primarily by snowmelt may explain a significant
fraction of scatter. In contrast to precipitation/runoff processes, snowmelt processes are disconnected from
the lake-aquifer system. When snowpack is high during a given year, there is not an immediate response
from the aquifer because precipitation is retained as snowpack.

The geometric complexity of the physical processes operating in larger lake systems increases and so a
question of model applicability at the largest model scales is valid. At small scales, the groundwater Boussi-
nesq equation describes the coupled lake-aquifer system. While the geometric complexity of processes in
larger lake systems does increase, the same basic processes are at work: fast runoff, slower shallow subsur-
face runoff, and deep groundwater flows. Fluctuations in larger lakes are still result direct aquifer-lake
exchanges but are also fed through more complicated hillslope aquifer-streambed-lake exchanges that act
in series. The similarity between the model and data suggest that these exchanges may still be described
by a diffusive process. Groundwater fluxes are still driven by gradients in the water table despite increasing
geometric complexity, but now these exchanges act through a series of diffusive interactions described by
a bulk diffusion formula. Consider the idea behind applying a bulk diffusion formula to describe the effec-
tive thermal diffusivity of serially layered soils. Layered soils with varying diffusivities result in a medium
that, as before, diffuses heat. In the monolayer case, one measures the diffusivity of the soil, while in the
multiple-layered soil, one measures an effective diffusivity that is a property of the bulk and is some compli-
cated combination of the serially layered soils. We regard the various flow pathways in larger lake systems
as being analogous because groundwater fluxes are still driven by gradients in the water table that are char-
acterized by local diffusivities.

For natural lakes, we find that spectra transition to white noise at high frequencies. This transition occurs,
on average, around frequencies of 27 d21. Smigelski [2013] found that this transition occurs in Great lakes
spectra at approximately 42 d21 and is flat until 2.5 d21. They hypothesized this flattened spectral region
reflects the timescales over which evaporation occurs. Our model does not replicate breaks in scaling since
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it does not explicitly include atmospheric and other dynamical process. At low frequencies, Sðf Þ flattens
when the model runs for sufficiently long times. Low-frequency flattening occurs because temporal auto-
correlation is dependent on spatial oscillation. Since there is a maximum oscillation related to the domain
size, the spectrum flattens out rather than increasing. This constitutes another finite size model effect, but
might still have analogy with nature since there will always be a maximum catchment size.

Here we consider a few implications of this study. Predicting lake water-levels is critical to many tourist based
economies, agriculture, municipalities, and ecosystems that rely on lakes for water storage. We have shown
that water-levels have long-memory that increases with lake size. This implies that short-term prediction may
be possible due to longer memory, while long-term predictability decreases with prediction distance. Water-
resource managers and planners could benefit from considering lake-surface area in assessing uncertainty of
predictions; long-term prediction on a larger lake should have greater uncertainty attached to the prediction.
There is a body of literature showing that the physical characteristics of lake bed cores provide useful proxies
for contemporary and future climate change [Williamson et al., 2009]. Jerolmack and Paola [2010] showed that
the noise inherent to sediment transport can shred the environmental signals (e.g., climate signals) presumed
to be embedded in the stratigraphic sequence. Since water level is an important control on lake bed sedimen-
tation rates, autogenic water-level variability might also act as a sort of hydrogeologic turbulence that nonli-
nearly filters climate signals (commensurate with the range of power-law scaling) presumed to be embedded
in lake bed sediment cores. The average value of the low-frequency scaling break in the data we analyzed is
flow527 ðyr21Þ. This is potentially an underestimate because it is commensurate with the average length of
the observational records. Aside from numerical modeling studies, proxy based paleolake levels are the only
source that can provide long enough data to determine whether flow is the true cutoff frequency for equation
(1), or simply a reflection of the short instrumental records. One complicating issue is that lakes-levels corre-
sponding to the two end-member cases, b51 and b52, will differ in both persistence and rapidity of water
level variations. Consider saline concentration: a geochemical proxy for paleolake levels reflecting the mois-
ture balance in a lake. The evolution of saline concentration through time is nonlinear and threshold depend-
ent [Vercshuren, 2003]. Since thresholds and nonlinearities depend on both the persistence and rapidity of
water-level changes, the two end-member cases may display qualitatively dissimilar relationships between
saline concentration, for time scales at least up to 27 years.
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