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Since the introduction of the Burridge-Knopoff model for fault mechanics 
many spring-block models have been proposed which purportedly generate 
a Gutenberg-Richter (GR) distribution of earthquake moments. Upon close 
examination, not all of these models generate distributions consistent with 
GR. Of those that do, few are able to generate other realistic aspects of dis- 
tributed seismicity such as numbers of foreshocks and aftershocks consistent 
with Omori's Law and both characteristic and noncharacteristic seismic cycle 
behavior. We have systematically constructed a structurally-heterogeneous 
spring-block model coupled to a viscous asthenosphere which generates many 
realistic features of distributed seismicity. Versions of the model without 
viscous coupling were found to be inadequate to generate realistic model 
seismicity. A structurally heterogeneous model with viscous coupling is com- 
pared in detail to previous spring-block models and data for observed seis- 
micity in terms of the cumulative frequency-size distribution of events, the 
occurrence of foreshocks and aftershocks, the increase of cumulative Benioff 
strain release prior to large earthquakes, the dependence of seismicity on 
depth, fault length, and structural heterogeneity, the relationship between 
the average slip and moment of an earthquake, and the heterogeneity of 
the rupture process. These comparisons demonstrate the effectiveness of 
the model in simulating seismicity and suggest that heterogeneity and vis- 
cous coupling are necessary conditions for a realistic spring-block model of 
seismicity. 

INTRODUCTION 

Seismicity exhibits a complex variety of behavior in- 
cluding a broad distribution of energy release and spa- 
tial and temporal clustering of earthquakes over a wide 
range of scales. It has been recognized since the estab- 
lishment of the Gutenburg-Richter (GR) Law [Guten- 
burg and Richter, 1944] that seismicity is statistically 
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self-similar over a wide range of scales. This is a 
consequence of the power-law form of the GR Law 
(which states that the number of earthquakes in a re- 
gion with moment greater that g/Io is a power-law func- 
tion of moment with exponent-2/3) since a power 
law has no characteristic scale. More recently, Ka- 
gan [1991a] has also documented the self-similar spatial 
clustering of hypocenters over a wide range of scales. 
Self-similarity has attracted the attention of many re- 
searchers who have proposed variations of the original 
spring-block model of Burridge and Knopoff [1967] in 
order to model seismicity on a single fault and/or on 
a collection of faults. Many of these models have been 
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Figure la. Model geometry for the basic heterogeneous spring- 
block model. Blocks are coupled to one another by springs with 
spring constant Ko and are coupled to the driver plate with springs 
of spring constant Kh. Two other parameters define the model: the 
mean and standard deviation of the static coefficients of friction of 

the blocks. 

analyzed and compared to observed seismicity in terms 
of the frequency-size distribution of events. In some 
cases the occurrence of foreshocks and aftershocks has 

also been examined. Based on the multiplicity of mod- 
els that apparently exhibit GR statistics, however, the 
comparison of only one or two measures is clearly in- 
adequate to validate spring-block models of seismicity. 
Instead, spring-block models must be compared against 
all available phenomenological data such as frequency- 
size statistics, spatiotemporal clustering of the number 
of earthquakes and stress release, the scaling of average 
slip with seismic moment, and the well-documented de- 
pendence of seismicity on depth, length, and structural 
heterogeneity of the fault surface or system of faults. 
The purpose of this paper is to review the previous work 
on spring-block models and to document the system- 
atic construction of a spring-block model which gener- 
ates model seismicity very similar to observed seismic- 
ity. The model was constructed systematically by start- 
ing with as basic a model as possible which reproduces 
GR statistics and then improving the model by trial 
and error until a model consistent with many observa- 
tions of seismicity was obtained. This procedure not 
only identified which elements of our model were suf- 
ficient for generating realistic behavior but also served 
to rule out alternative possibilities. We have concluded 
that a model which includes structural heterogeneity as 
represented by variable static coefficients of friction and 
a coupling of blocks to viscous dashpots are necessary 
elements for a realistic spring-block model of seismicity. 

PREVIOUS WORK ON SPRING-BLOCK 

MODELS 

Spring-block models were originally proposed by Bur- 
ridge and Knopoff [1967] (BK) who considered the rel- 
ative motion of two rigid plates with elastic rebound 
of discrete blocks between the plates. Blocks which 
are frictionally coupled to one of the plates and elas- 
tically coupled to the other plate and to each other 
(Fig. la). The equations of motion for this system 
were integrated numerically in BK and it was shown 
that stick-slip behavior and a power-law distribution 
of event sizes resulted if the blocks obeyed a velocity- 
weakening friction law. A heavy-tailed distribution re- 
sulted because although most earthquakes involved the 
movement of only one or two blocks, occasionally the 
movement of one block would trigger the movement of 
adjacent blocks through their elastic coupling and these 
blocks would trigger still more in a cascade of slippage 
over a large area. 

The late 1980s saw a renewed interest in this model 

since critical systems which generate power-law statis- 
tics and have no characteristic scale had been studied so 

successfully with techniques of statistical physics in the 
1970s and early 1980s. Additionally, spring-block mod- 
els gained interest because they were shown to exhibit 
deterministic chaos by Huang and Turcotte [1990] who 
considered a simple system of just two coupled blocks 
described by the logistic difference equation. With dif- 
ferent block masses, the authors showed that their sys- 
tem exhibited deterministic chaos and patterns of seis- 
micity similar to those on real fault segments. A similar 
coupled two-block system was compared to the behav- 
ior of subduction zones by Ruff [1992]. The blocks in 
his model were associated with large asperities. Carlson 
and Langer [1989] studied a linear array similar to the 
original Burridge-Knopoff model. Although the system 
was deterministic and completely homogeneous, the 
system behavior was extremely complex and chaotic. 
Their model seemed to show that it is possible to gen- 
erate many aspects of seismicity with a homogeneous 
model provided that the system had nonlinearity. How- 
ever, the behavior that they observed does not hold 
down to the continuum limit [Ben-Zion and Rice, 1995; 
Ben-Zion and Rice, 1997]. Therefore, it seems necessary 
to associate the blocks with structural heterogeneities 
in order to motivate the discreteness of the spring-block 
model. 

Nakanishi [1990,1991] considered a version of the 
spring-block model in which only one block is allowed 
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move at any time. The slippage of one block can lead 
to the instability of one or more neighboring blocks, 
which can then slip in a subsequent time step or steps 
until all blocks are stable again. This modification 
made simulation of spring-block models far less com- 
putationally intensive and allowed for the investiga- 
tion of larger system sizes and two-dimensional arrays 
of blocks. Nakanishi [1990,1991] obtained similar re- 
suits to those of Carlson and Langer [1989], including 
their power-law distribution of event sizes. He found 
that the equations of motion could be nondimension- 
alized such that the system behavior is fully described 
by the stiffness, the ratio of the spring constants con- 
necting blocks to those connecting each block to the 
driver plate. For a large stiffness, events which move 
the whole system at once are common. Wang [1995] 
also emphasized the role of the stiffness (or seismic cou- 
pling) on the frequency-size distribution of the resul- 
tant model seismicity. The behavior for large stiffness 
appears to be similar to the frequency-size distribution 
observed for a single fault, with frequent characteris- 
tic earthquakes which rupture the entire fault superim- 
posed on a background seismicity with a power-law dis- 
tribution. For smaller stiffnesses, an exponential rolloff 
in the power-law frequency-size distribution is observed. 
There is a critical stiffness for which a power-law distri- 
bution is observed up to the largest events. Distributed 
seismicity has been claimed to be an example of self- 
organized criticality [Bak and Tang, 1989; Ito and Mat- 
suzaki, 1990; Barriere and Turcotte, 1994]. However, 
since Nakanishi's model exhibits the power-law distri- 
bution characteristic of critical phenomena for a par- 
ticular value of the stiffness, his model is self-organized 
critical. Since a robust model of seismicity should gen- 
erate both characteristic and noncharacteristic behav- 

ior, as Nakanishi's model does, a self-organized critical 
model which only produces a single frequency-size dis- 
tribution may not be robust enough for a general model 
of seismicity. Grasso and Sornette [1998] have reached 
the same conclusion. 

Although the models of Carlson and Langer [1989], 
Carlson [1991], Bak and Tang [1989], Brown at al. 
[1991], Rundle and Brown [1991], and Huang et al. 
[1992] exhibit power law statistics, the seismicity gener- 
ated by these models is not consistent with GR. These 
studies computed non-cumulative distributions of event 
sizes with exponents close to-1: N(A) oc A -•. To com- 
pare this distribution with GR the distribution must 
be integrated giving N(> A) oc log(A) which is not a 
power law. Thus, although these models purportedly 

generated frequency-size distributions consistent with 
those of observed seismicity, they were actually signifi- 
cantly different from GR. 

Another, more subtle, problem with some spring- 
block models has to do with how the model moves the 

driver plate relative to the movement of slipped blocks. 
In spring-block models the relative motion of the plates 
represents the buildup of stress between two tectonic 
plates. This buildup happens at a rate much lower than 
that of the elastic rebound of the slipped blocks. In all 
computer models, however, motion takes place in dis- 
crete jumps. In order to ensure that the rate of tectonic 
loading is always much less than the rate of elastic re- 
bound, tectonic loading must occur only as long as all 
blocks are stable. A naive implementation of a spring- 
block model moves the driver plate forward by equal 
discrete amounts in successive time steps and relaxes all 
blocks whose elastic stress exceeds the frictional restor- 

ing force after the driver plate has been moved. If the 
driver plate is incremented by equal, discrete amounts 
without relaxing unstable blocks before the driver plate 
completes its motion, it is possible for two or more un- 
connected patches of the fault surface to become unsta- 
ble during the same time step and be counted as one 
earthquake. The models of Brown et al. [1991] and 
Rundle and Klein [1993] suffer from this artifact. To 
correct this, the driver plate must be advanced only 
until the next block in the model becomes unstable. 

A third weakness of many previous analyses is the de- 
pendence of model behavior on initial conditions. If the 
spring-block model of Fig. la is started with uniform 
spacing between blocks, a single earthquake in which all 
of the blocks in the system move the same amount will 
occur repeatedly. If a small amount of randomness is 
included in the initial block positions, most of the stress 
will be released in a single large earthquake but there 
will be smaller events as well. If the variation in the 

initial block positions is increased, the elastic rebound 
of the blocks will be further decoupled and the ratio of 
the strain released in the largest event to the strain re- 
leased in background seismicity will be decreased. The 
models of Nakanishi [1990,1991], for example, include 
this initial randomness in the block positions. It is un- 
likely that a model which depends so heavily on initial 
conditions can be a viable model for seismicity since 
seismicity displays very similar statistical behavior un- 
der a wide range of geometries and fault histories. 

Randomness has also been introduced into some spring 
block models by incrementing the stress randomly over 
time until some uniform threshold has been 
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For example, in the models of Bak and Tang [1989], Bar- 
viere and Turcotte [1990], and Ito and Matsizaki [1990] 
a site is chosen at random during each time step and 
a unit of stress is added to that site during that time 
step. When a site has four units of stress accumulated 
on it, the site becomes unstable and redistributes stress 
to its nearest neighbors. While this approach may be 
one way to model structural heterogeneity of the fault 
surface, it does not allow the model heterogeneity to 
be characterized by a parameter which can be varied 
to study the model dependence on the degree of het- 
erogeneity. It is hard to imagine any other motivation 
for the randomness in those models besides structural 

heterogeneity. 
One way in which the simple repeating earthquake 

behavior of spring-block models with uniform friction 
can be rectified is by letting the blocks have a dis- 
tribution of static coefficients of friction representing 
structural heterogenity of the fault surface. If the dis- 
crete elements of the spring-block model are associated 
with fault asperities, it is most realistic to consider 
nonuniform coefficients of static friction to represent 
the intermittent contact between fault surfaces and/or 
bends in the fault which concentrate stress in particu- 
lar areas. The importance of structural heterogeneity 
on seismicity has been emphasized by many studies. 
For example, elementary considerations based on frac- 
ture mechanics theory indicate that strong fault het- 
erogenities, acting as barriers, determine the frequency- 
magnitude relations, non-uniform fault slip, clustering 
of events, and random ground accelerations observed 
[Hanks, 1979; Hanks and McGuire, 1981; Aki, 1984; Aki, 
1992; Dmowska and Lovison, 1992; Rice, 1993; Ben- 
Zion and Rice, 1993; Ben-Zion and Rice, 1995; Ben- 
Zion and Rice, 1997; Dmowska, Zhang, and Rice, 1996]. 
Several studies have modeled the topography and/or 
stress distribution of the fault surface as a stochastic 

function and compared the resulting frequency-size dis- 
tribution of events with that of observed seismicity JAn- 
drews, 1980; Andrews, 1981; yon Seggern, 1980; Kagan 
and Knopoff, 1987; Yin and Ranalli, 1995; de Rubeis 
et al., 1996]. In this approach, the stress difference 
along a fault is modeled as a Brownian walk as in- 
ferred by Hanks [1979]. The distribution of intervals 
between zero-crossings of a Brownian walk is associated 
with the frequency-size distribution of earthquakes. In 
addition, many studies have included heterogeneities in 
mechanical models of earthquakes and found the hetero- 
geneities to be of central importance in the model be- 
havior [Das and Aki, 1977; Rundle and Jackson, 1977; 
Nut and Israel, 1980; Papageorgiou and Aki, 1983a,b; 

Rundle, Kanamori, and McNally, 1984; Lomintz-Adler 
and Lemus-Diaz, 1989; Knopoff, Landoni, and Abi- 
nante, 1992; Rundle and Klein, 1993; Ben-Zion and 
Rice, 1995]. These models are often classified as as- 
perity models. They include heterogeneities that break 
upon rupture and drive slip on weaker regions. In con- 
trast, barrier models include heterogeneities which do 
not break during an earthquake. Mikumo and Miyatake 
[1983] studied a threshold model of rupture with spa- 
tially inhomogeneous breaking strengths. They found 
that a broad distribution of breaking strengths led to a 
rich buildup of activity prior to the principal rupture in 
direct analogy with experimental work on rock fracture 
by Mogi [1962]. A number of seismic observations sug- 
gest that heterogeneity in both individual fault planes 
and in systems of faults exerts control on the history 
of seismicity. Lay et al. [1980] investigated the clus- 
tering of seismicity in subduction zones. They found 
evidence for richer foreshock activity on the Kurile Is- 
land Arc than in the Aleutian Island Arc and greater 
still than that of the Chilean subduction zone. They at- 
tributed this difference to the heterogeneity of seismic 
coupling in these areas. Greater clustering and fore- 
shock activity was associated with the larger variance 
in asperity size of the Kurile Island Arc than that of 
the Aleutians or the Chilean subduction zone. Foxall, 
Michelini, and McEvilly [1993] and Lees and Nicholson 
[1993] have obtained a three-dimensional tomographic 
image of seismic wave speed anomalies for southern Cal- 
ifornia. They attribute anomalies to lithospheric het- 
erogeneities and argue that these heterogeneities exert 
control on the recent history of seismicity in the San 
Andreas fault system. Malin et al. [1989] has per- 
formed a similar imaging of heterogeneities in the Park- 
field section of the San Andreas fault and reached sim- 

ilar conclusions. Dodge, Beroza, and Ellsworth [1996] 
have interpreted the prevalence of foreshocks prior to 
several major southern California earthquakes in terms 
of the degree of structural heterogeneity on the fault 
plane. They plot the number of immediate foreshocks 
on the fault plane of each mainshock versus the width 
of the foreshock zone, a simple measure of the jagged- 
ness or structural heterogenity of the fault plane. They 
found that the number of foreshocks increased with the 

heterogenity of the fault plane, similar to the depen- 
dence on heterogeneity observed in acoustic emission 
[Scholz, 1968a,b; Hirata, 1987]. This is consistent with 
the conclusions of Jones [1984] and Abercrombie and 
Mori [1995] who investigated the dependence of fore- 
shock activity as a function of depth on the San An- 
dreas fault system. Both studies found that the 
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of foreshocks decreases rapidly with increasing depth in 
the crust. Frohlich [1987] obtained similar results for 
other fault systems. Kisslinger and Jones [1991] also 
identified a similar depth dependence in the number of 
aftershocks in Southern California. This decrease in 

foreshock and aftershock activity may be related to a 
decrease in the degree of structural heteroegenity since 
heterogeneity decreases with increasing depth (as in- 
ferred from strong ground motion studies) [Anderson 
and Hough, 1984]. Novelo-Casanova et al. [1985] and 
Jin and Aki [1989] presented evidence for a correla- 
tion between Gutenberg-Richter b-values and spatial 
and temporal variations in heterogeneity as measured 
by attenuation. 

A particularly important quantitative study of the 
dependence of seismicity on structural heterogeneity 
and fault length for strike-slip faults was performed by 
Stirling et al. [1996]. These authors quantified the dif- 
ference in the observed frequency of intermediate and 
large-magnitude events compared to the number pre- 
dicted based on an extrapolation of the GR distribution 
for small events. They found that short, smooth faults 
tend to display characteristic earthquake behavior while 
large, rough faults tend to release a larger portion of 
their seismic moments in background events. Although 
Stirling et al. [1996] did not fit exponents to their data, 
a visual inspection indicates that the fault zone com- 
plexity is inversely proportional to the strike slip offset. 
The frequency ratio of observed to extrapolated large- 
magnitude events increased, in turn, approximately as 
the square root of the strike slip offset. Combining these 
two observations, the frequency ratio varies as one over 
the square root of the fault complexity, quantified as 
the number of steps per unit fault length. 

Studies of slider block models which include the ef- 

fects of structural heterogeneity have been performed. 
Rundle and Klein [1993], $teacy et al. [1996], Gross 
[1996] and $teacy and McUloskey [1999] studied a cel- 
lular automaton version of the two-dimensional slider 

block model with a statistical distribution of failure 

thresholds. For a large variance in the failure thresh- 
old, they found an exponential rolloff in the power law 
frequency-size distribution similar to that observed in 
the model of Nakanishi [1990,1991] for a small value 
of the stiffness. For a small variance in failure thresh- 

olds, they found many events which ruptured the whole 
system. Knopoff, Landoni, and Abinante [1992] consid- 
ered a one-dimensional slider block model with hetero- 

geneous friction. They also observed Gutenberg-Richter 
cumulative frequency-size statistics with an exponential 
rolloff at large energies. 

% . 

[ I 

Figure lb. Model geometry for the heterogeneous spring-block 
model with viscous coupling (from Hainzl et al. [ 1999]). 

Hainzl at al. [1999] constructed one of the few mod- 
els to generate realistic foreschocks and aftershocks in a 
seismic cycle. They achieved this result by coupling the 
blocks of a cellular-automaton spring-block model to 
an intermediate set of blocks coupled to dashpots (Fig- 
ure lb). This intermediate layer represents the viscous 
asthenosphere. Their model generated a cumulative 
frequency-size distribution consistent with GR as well 
as aftershocks and foreshocks consistent with Omori's 

Law for particular model parameters with a realistic ra- 
tio of aftershocks to foreshocks. However, their model 
generates only one frequency-size distribution (corre- 
sponding to noncharacteristic behavior). The behavior 
of their model depends on an initially random distribu- 
tion of stresses on model blocks. One additional draw- 

back of their model was that aftershocks and foreshocks 

were only consistent with Omori's law for a particular 
ratio of the aftershock decay time to the characteristic 
earthquake recurrence time. 

In this paper, we extend the model of Hainzl et al. 
[1999] to include a distribution of static coefficients of 
friction in order to model structural heterogeneity of the 
fault surface or network. The realistic aftershock and 

foreshock behavior of the model of Hainzl et al. [1999] is 
preserved in our model and the statistics are even more 
robust since the number of foreshocks and aftershocks 

obey Omori's Law for nearly all combinations of the 
model parameters. In addition, the model exhibits a 
number of other realistic features of seismicity. 

Besides the viscous coupling mechanism of Hainzl 
et al. [1999], rate and state-dependent friction has 
also been proposed as a mechanism for aftershocks [Di- 
eterich, 1972;1994]. In order to test this hypothesis 
within the context of a spring-block model, we have 
studied a version of our model with a stress-dependent 
time-to-failure instead of viscous coupling. This ver- 
sion generates realistic seismicity for a short time, 
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just as for a model with no viscous coupling and no 
stress-dependent friction, the model eventually settles 
into a state which generates unrealistic seismicity with 
frequency-size statistics inconsistent with GR and no 
foreshocks or aftershocks. Therefore, we conclude that 
rate and state-dependent friction does not work as a 
model for aftershocks, at least within the context of a 
spring-block model. 

A fundamental question for each spring-block model 
is whether they represent a single, isolated fault plane 
or distributed seismicity on a collection of faults. In 
this paper we compare the output of a two-dimensional 
spring-block model to seismicity along individual seg- 
ments of subduction zones as well as to complex fault 
networks such as Southern California. This may be rea- 
sonable since spring-block models do not depend on di- 
mensionality [Nakanishi, 1998]. Spring-block models in 
a linear (1D) or planar (2D) geometry exhibit quali- 
tatively and quantitatively very similar behavior. A 
block in a planar (2D) spring-block model has twice as 
many neighboring blocks as in a linear (1D) system, 
resulting in a stiffness twice as great. However, if the 
stiffness of the two models is made comparable by low- 
ering the spring constant of interblock springs in the 2D 
model, identical statistics are obtained. For a collection 
of faults, a fractal dimension between 1 and 2 is of- 
ten observed [Barton and Larson, 1985; Turcotte, 1986; 
Aviles et al., 1987; Hirata et al., 1987; Okubo and Aki, 
1987; Hirata, 1989; Matsumoto et al., 1992; Davy, 1993; 
Scholz, 1997], indicating that a collection of faults dif- 
fers from a single fault only in its dimensionality. Since 
spring-block models exhibit very similar behavior for 
one and two-dimensional systems, this provides a ratio- 
nal basis for applying spring-block models to a variety 
of fault geometries. 

SYSTEMATIC DEVELOPMENT OF A 

STRUCTURALLY HETEROGENEOUS 
SPRING-BLOCK MODEL COUPLED TO A 

VISCOUS ASTHENOSPHERE 

Heterogeneity 

We first consider a two-dimensional version of the 

spring-block model of Figure la. Each block is coupled 
to four neighboring blocks by springs with spring con- 
stant Ka and to the driver plate with a single spring of 
spring constant Kb. In addition, each block is friction- 
ally coupled with the lower plate and has a dynamic 
coefficient of friction lower than the static coefficient of 

friction by a constant factor. Many other friction laws 
are possible but we have chosen this one for simplic- 
ity. Huang and Turcotte [1992] have shown that more 

complex velocity-dependent friction laws do not signifi- 
cantly influence the behavior of a system of two blocks. 
Narkouskaia and Turcotte [1992] showed that a linear 
transformation of the block motions exists between a 

system with one ratio of dynamic to static coefficient of 
friction and another. Thus, changing the ratio does not 
affect the behavior of the model. To model the struc- 

tural heterogeneity of the fault system, the coefficients 
of static friction are sampled from a Gaussian distri- 
bution with a given mean and variance. If a negative 
coefficient of friction is sampled initially from the dis- 
tribution, a new coefficient of friction is sampled until 
a positive coefficient is obtained. Border blocks have 
no force exerted on them from outside ("open" bound- 
ary conditions; similar results were obtained for closed 
and periodic boundary conditions) and for which the 
initial forces between blocks are all zero. Huang et al. 
[1992] found that a version of this spring-block model 
with homogeneous friction could be nondimensionalized 
by the seismic coupling Ka/Kb. The analog of the seis- 
mic coupling for a heterogeneous model is obtained by 
multiplying Ka/K• by the ratio of the mean static co- 
efficient of friction • to the standard deviation A•u and 
dividing by the fault length L: 

K•A/uL 
(1) 

The fault length L enters into the above relation be- 
cause a larger system will require stiffer interblock springs 
to rupture the entire system. This system size depen- 
dence scales with the linear dimension of the system. 

The heterogeneous spring-block model described above 
was integrated forward in time. An example of the seis- 
mic history is shown in Figure 2. Earthquake sizes are 
commonly estimated by the moment, the product of av- 
erage slip and slip area, and magnitude, defined here in 
terms of the seismic moment as 1.5 times the logarithm 
(base 10) of the seismic moment [Kanamori and Ander- 
son, 1975]. In Figure 2 the magnitude is plotted as a 
function of time in model units. Initially the model dis- 
plays a buildup of seismicity before a large event and a 
decline of activity before the next cycle. However, after 
several cycles, the model becomes completely random 
and no longer exhibits a broad range of event sizes. We 
calculated the cumulative frequency-size distribution of 
seismic moments for the early portion exhibiting cyclic 
behavior. In Figure 3 the cumulative frequency-size dis- 
tribution of seismic moments is plotted for models of 
system size 64x64 in which all of the model parameters 
were kept fixed except for the value of K• which was 
varied from 0.6 to 0.8 to 1.0. The small events for 
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Figure 2. Magnitude versus time in model units for the 
basic heterogeneous model. Although the initial behavior 
is consistent with realistic seismic cycle behavior, this is 
only a transient feature. After several identifiable cycles, 
the seismicity becomes entirely random with no foreshocks 
or aftershocks and a frequency-size distribution inconsistent 
with GR. 

case were well approximated by a power-law with an ex- 
ponent of-2/3, in close agreement with that of observed 
seismicity for both global[Gutenberg and Richter, 1944; 
Hanks and Kanamori, 1979] and regional [Evernden, 
1970; Fledlet, 1974] values. The large events are either 
overabundant (for Kb = 0.6) relative to the power-law 
trend with many events which rupture nearly the entire 
system or they are underabundant (for Kb = 1.0) with 
a rolloff in the power-law distribution with an exponen- 
tial tail. This variation in large-event behavior is similar 
to that observed for single faults for which a charac- 
teristic earthquake distribution often results [Schwartz 
and Coppersmith, 1984; Davison and $cholz, 1985; Ka- 
gan, 1993; Wesnousky, 1994] while a Gutenburg-Richter 
distribution of events with an exponential rolloff often 
exists for larger areas including the global distribution 
[Kagan, 1994]. 

It should be noted that considerable care must be 

taken in any analysis of the tail of the cumulative 
frequency-size distribution since there are few events in 
this region and the uncertainty in the statistics of such 
small numbers can be large. Due to this uncertainty, 
there have been several different functional forms pro- 
posed for the tail of the GR distribution. It has been 
proposed that the tail of the distribution is a power 
law with an exponent of-1 rather than -2/3 [Pacheco 
et al., 1992; Romanowicz and Rundle, 1993; Okal and 
Romanowicz. 1994]. However, Kagan [1997] and Sor- 
nette and Sornette (Sornette, D., and A. Sornette, Gen- 

eral theory of the modified Gutenberg-Richter law for 
large seismic moments, unpublished manuscript, 1998) 
have carefully tested the likelihood of various func- 
tional forms for the frequency-size distribution of large- 
magnitude events and found that an exponential rolloff 
was the most consistent with available data. 

Although the cumulative frequency-size relationships 
obtained from the early time behavior of this model 
are encouraging, another element needs to be added 
to the system so that this is not simply a transient 
feature. We have incorporated both stress-dependent 
friction and viscous coupling in an attempt to obtain 
realistic seimicity in steady-state model behavior. 

Stress-dependent friction 

Dieterich [1972,1994] has proposed that aftershocks 
are related to rate and state-dependent friction. Our 
first attempt to improve the basic heterogeneous spring- 
block model was to introduce stress-dependent fric- 
tion. We introduced stress-dependence by decreasing 
the time-to-failure of a block by a multiplicative factor 
dependent on the magnitude of the stress step and that 
decayed with time according to Dieterich's model for 
seismic rate increase following a stress step [Dieterich, 
1994]. Representative model results are shown in Fig- 
ure 4. As with the basic heterogeneous model, although 
there is initally seismic cycle behavior, it is only tran- 
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Figure 3. Cumulative frequency-size distribution, the num- 
ber of events with moments larger than Mo, for three dif- 
ferent values of Kb and all other constants fixed. The dis- 
tribution of small events for all three model runs is consis- 

tent with the power-law observed in GR. The frequency of 
large events varies from characteristic earthquake behavior 
for small values of Kb to an exponential rolloff for larger 
values of 
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Figure 4. Magnitude versus time in model units for the 
heterogeneous model with stress-dependent time-to-failure. 
This model exhibits cyclical early-time behavior that even- 
tually disappears into unrealistic seismic behavior with no 
foreshocks or aftershocks and a frequency-size distribution 
inconsistent with GR. 

sient behavior. Once the model achieves a dynamic 
steady-state condition the seismicity is completely ran- 
dom and the cumulative frequency-size distribution is 
inconsistent with GR. This result suggests that stress- 
dependent friction is not sufficient as a model for after- 
shocks or foreshocks, at least within the context of a 
spring-block model. 

Coupling to viscous asthenosphere 

One additional way in which spatiotemporal cluster- 
ing can be introduced into a spring-block model is to 
couple the blocks to an additional layer viscously cou- 
pled to the upper plate. The viscous layer introduces a 
time-delay to the transfer of stress within the fault. 

Figure lb illustrates the model of Hainzl et al. [1999]. 
When a block slips there is an instantaneous stress 
transfer from one block to it's neighboring blocks through 
the elastic coupling of the springs with spring constant 
Ka. There is also, however, an overdamped transfer of 
stress between neighboring blocks through blocks cou- 
pled both elastically and viscously to the driver plate. 
These blocks do not change position immediately af- 
ter the slippage of a coupled block in the bottom layer 
but rather creep to a new equilibrium position with an 
exponentially decreasing rate through time. 

Cumulative frequency-size distribution. We have imple- 
mented the model of Figure lb with heterogeneous fric- 
tion. Representative model results are given in Figures 

5a-c for three different values of Ka with all other con- 
stants held fixed. Figure 5a-c presents the seismic his- 
tory after each model has achieved a dynamic steady- 
state following the initial transient related to the uni- 
form initial block positions. This model successfully 
generates well-defined seismic cycles for large seismic 
coupling (Figure 5a). The cumulative frequency-size 
distribution for the models of Figure 5 are given in Fig- 
ure 6 with the power-law trend representing GR plot- 
ted as the dashed line. As the value of Ka is lowered 
from 0.4 to 0.025, the seismic coupling decreases and 
the model behavior switches from characteristic to non- 

characteristic earthquake behavior. Thus, the model 
exhibits the same range of frequency-size distributions 
observed in real faults. There is a rolloff in the GR dis- 

tribution at small magnitudes as well The model also 
exhibits a systematic decrease in B value for larger seis- 
mic couplings. This is consistent with the observed 
decrease in B value with increasing depth [Mori and 
Abercrombie, 1997] assuming that seismic coupling de- 
creases with depth due decreasing heterogeneity with 
increasing depth. 

Stress diffusion. A strong correlation exists in ob- 
served seismicity between mainshock precursor time in- 
tervals and the magnitude of the mainshock [Scholz, 
1990]. This observation has motivated the dilitancy- 
diffusion model [Scholz et al., 1973] and models of seis- 
micity based on the diffusion of pore fluids [Nut and 
Booker, 1972; Miller et al., 1999] because it implies 
stress diffusion with a diffusivity of 1 m2/s. Stress dif- 
fusion is also, however, consistent with a spring-block 
model coupled to a viscous layer. A basic calculation in 
Turcotte and Schubert [1982] shows that the displace- 
ment of the lithosphere coupled to a viscous astheno- 
sphere is governed by the diffusion equation with a dif- 
fusivity D given by 

hahLG 
o: (2) 

where ha is the thickness of the asthenosphere, hL is 
the thickness of the elastic lithosphere, G is the shear 
modulus of the lithosphere, and/• is the viscosity of the 
asthenosphere. Using ha=100 km, h•=30 km, G=30 
GPa, and /•=4x1019 Pa s we obtain D:0.75 m2/s, 
in close agreement with the value obtained from the 
precursor-magnitude relation. 

Omori's Law and relative frequency of foreshocks and af- 
tershocks. Omori's Law states that the number of af- 

tershocks following a main shock rupture decays as a 
power-law function of the time since the 
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Figure 5. Magnitude versus time for seismicity of a model 
fault with (a) large seismic coupling exhibiting characteris- 
tic earthquake behavior (Ka--0.4), (b) intermediate seismic 
coupling (Ka=0.1), and (c) relatively low seismic coupling 
exhibiting no large events (K•=0.025). 

r(to- t) oc (to- t) -p where p m 1. The number of after- 
shocks is defined by excess number of earthquakes above 
the background rate of seismicity following a mainshock 
rupture. The same function has also been found to 
describe the increase in the number of foreshocks be- 

fore a mainshock [Kagan and Knopoff, 1980; Jones and 
Molnar, 1979]. There are many more aftershocks than 
foreshocks. Stacked plots of model seismicity as a func- 
tion of time before and after mainshock ruptures are 
presented in Figures 7a-c for the models of Figure 5a-c 
respectively. The plots have been stacked by adding 
up the seismicity before and after many mainshocks 
in equally-spaced bins. The ratio of foreshocks to af- 
tershocks is found to decrease with decreasing seismic 
coupling from a value near one for a system exhibit- 
ing characteristic earthquake behavior to a value much 
less than one for a system exhibiting noncharacteristic 
earthquake behavior. Thus, the model suggests a very 
specific pattern to look for in seismic data: the rela- 
tive occurrence of foreshocks to aftershocks is related 

to whether the fault displays characteristic or nonchar- 
acteristic earthquake behavior. 

The stacked number of earthquakes per unit time 
above the background rate before (Figure 8a) and after 
(Figure 8b) mainshocks are plotted in Figure 8. These 
plots indicate that although the number of foreshocks 
and aftershocks vary for models with different seismic 
coupling, the exponent in Omori's Law remains the 
same and is in agreement with the observation p m 1 
for real aftershock data. This result contrasts with that 

of Hainzl et al. [1999] who found that their model only 
produced an exponent consistent with Omori's Law for 
particular values of their model parameters. 

Kagan's Law for spatiotemporal clustering. Kagan [1970] 
was the first to use the pair correlation function to study 
the spatiotemporal clustering of hypocenters. The re- 
sults he obtained are a fundamental observation of seis- 

micity. Kagan [1991a, 1991b] calculated the number of 
pairs of hypocenters per unit area and time as a func- 
tion of the distance and time between hypocenters. He 
found that the frequency of pairs decreased as a power- 
law function of the distance between pairs over a wide 
range of distances: c(Irl- tel)- I•l- •21 -q with val- 
ues of q that decreased with increasing time between 
hypocenters. He obtained the same result when he ex- 
changed time for space: he found that the frequency 
of pairs decreased as a power-law function of the time 
between pairs with exponents that decreased in mag- 
nitude with increasing distance between hypocenters. 
The corresponding results for the output of the 
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Figure 6. Cumulative frequency-size distribution for the 
seismicity of Figure 5. The model generates seismicity which 
is consistent with GR for small events but varies from char- 

acteristic earthquake behavior for models with large seismic 
coupling to a GR distribution with exponential rolloff for 
models with a low seismic coupling. 

erogeneous spring-block model with viscous coupling is 
given in Figure 9. For small separations (1-2 lattice 
sites) the exponent of the pair correlation function in 
time is close to -1 while for larger separations the ex- 
ponent q decreases in close agreement with Kagan's re- 
sult. The time in Figure 9 is normalized by the viscous 
damping time To in our model. 

Cumulative Benloft strain increase before large earthquakes. 

Bufe and Varnes [1993] identified a new quantitative 
precursor by observing that the cumulative Benloft strain 
released prior to large earthquakes increased as a power- 
law function of time before the mainshock: B(to - t) cr 
(to- t) -"• where B is the cumulative Benloft strain 
release. Bufe and Varnes [1993] documented this pat- 
tern for seismicity prior to Loma Prieta and Bufe et 
al. [1994] identified the same pattern in seismicity pre- 
ceeding several large earthquakes in the Aleutian Arc. 
Their work follows that of Keilis-Borok et al. [1988] 
and Keilis-Borok and Rotwain [1990] who have used 
the increase in intermediate-magnitude earthquakes to 
predict times of increased probabilities for large earth- 
quakes. The average values of m for both San Fran- 
cisco and segments of the Aleutian Arc were close to 
I These authors chose to analyze the Benioff strain 3' 

because it is a measure intermediate between earth- 

quake number and seismic moment. If one computes 
the cumulative seismic moment before large events the 
curve is dominated by the seismic moment release of 
the few largest events and it is impossible to see any 
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Figure 7. Rate of foreshocks and aftershocks preceeding 
and following the mainshock rupture for the model with 
(a) large seismic coupling (Ka=0.4), (b) intermediate seis- 
mic coupling (Ka=0.1), and (c) relatively low seismic cou- 
pling (K•=0.025). The ratio of foreshocks to aftershocks 
decreases with decreasing seismic 
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Figure 8. Number of earthquakes per unit time (a) lead- 
ing up to and (b) following the main shock rupture for the 
model of Figure 5a (filled circles), 5b (untilled triangles), and 
5c (untilled diamonds). The exponent of the power-law in- 
crease and decrease of earthquake number is consistent with 
Omori's Law and is independent of the seismic coupling. 

pattern in a statistic dominated by such as small num- 
ber of events. Earthquake number, on the other hand, 
weighs each earthquake equally and so it is a poor mea- 
sure of increase in the number or moment release of 

intermediate-magnitude events. The stacked cumula- 
tive Benloft strain prior to mainshock rupture for the 
three model calculations of Figure 5 are plotted in Fig- 
ure 10. The cumulative Benloft strain increases as a 

power-law with an exponent of m - •, independent 
of seismic coupling. This is entirely consistent with the 
results of Bufe and Varnes [1993] and Bufe et al. [1994]. 

Rupture tiistories. Hartzell and Heaton [1985] have 
computed far-field displacement functions for large earth- 
quakes from subduction zones around the Pacific. They 

observed rough, episodic rupture histories in structurally 
heterogeneous subduction zones such as the Kurile Is- 
lands and broad, smooth ruptures for more structurally 
uniform subduction zones such as in Alaska. Although 
there are no rupture dynamics in our cellular-automaton 
spring-block model, it is possible to obtain approximate 
dynamics by assuming a constant rupture velocity. The 
rupture begins at the first unstable block and propa- 
gates radially outward at a constant velocity in each 
direction in which the neighboring block also becomes 
unstable. This process is iterated at each time step un- 
til the earthquake rupture stops. Far-field displacement 
functions are then calculated by binning the slip dis- 
tances which take space at equal distances from the hy- 
pothetical receiver. Far-field displacement functions for 
a fault with a relatively large (a) and a relatively small 
(b) seismic coupling are shown in Figure 11. The fault 
with large seismic coupling exhibits the broad, smooth 
rupture that Hartzell and Heaton [1985] observed in 
structurally homogeneous subduction zones while Fig- 
ure 11b is a heterogeneous rupture with a very rapid 
increase in stress release in the beginning and a slow 
falloff towards the end of the rupture. Grayscale plots 
of the total slip of each portion of the fault surface for 
the earthquakes of Figure 11a and 11b are shown in Fig- 
ure 12 and 13, respectively. Dark areas indicate greater 
amounts of slip. Note that earthquakes do not neces- 
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Figure 9. Pair correlation function, the number of pairs of 
hypocenters per unit time and area, as a function of time 
(normalized by the viscous damping time) for five different 
radial separations: 1-2 lattice spacings (filled circles), 2-4 
(squares), 4-8 (triangles), 8-16 (top curve of diamonds), and 
16-32 (bottom curve of diamonds). This behavior matches 
very closely the pair correlation function observed by Kagan 
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Figure 10. Cumulative Benioff strain preceeding large 
earthquakes for a model with relatively large seismic cou- 
pling (filled circles), intermediate seismic coupling (open 
triangles), and small seismic coupling (open triangles). A 
least-square fit to the data yield a power-law relationship 
with exponent-1/3: B(to- t) c• (to- t) -•/3 independent 
of the seismic coupling, consistent with the observations of 
Bufe and Varnes [1993]. 

sarily rupture simply connected regions: the rupture of 
Figure 12 has three patches of fault surface which do 
not slip even though they are completely surrounded 
by regions of slip. 

Scaling of average slip versus moment. The average 
slip versus moment is plotted in Figure 14. A least- 
squares fit to the data indicate a relationship of d o( 
Mo ø'17. This same relationship was obtained for differ- 
ent values of the seismic coupling. This relationship 
matches exactly that of earthquakes in Parkfield, Cali- 
fornia, for which the source geometries are well known 
[$ammis et al., 1999]. 

Dependence of large-magnitude seismicity on fault length 
and structural complexity. Stirling et al. [1996] have 
performed the most complete quantitative analysis of 
the dependence of the frequency-size distribution of 
earthquakes on fault length and structural complexity 
for strike-slip faults. These authors quantified the large- 
magnitude behavior of strike-slip faults with the ratio 
of the frequency or moment of observed large events 
to the frequency or moment of large events based on 
an extrapolation of the best-fit power-law distribution 
of small-magnitude events. They observed that small, 
smooth faults displayed behavior consistent with a rela- 
tively large seismic coupling (i.e. the ratio of frequency 
or moment of observed to extrapolated large-magnitude 

events was large) compared to large, rough faults. We 
have performed a similar analysis for fault length in the 
Aleutian Arc. Figure 15 plots the ratio of the largest 
observed seismic moment to that predicted based on an 
extrapolation of the power-law fit to smaller events for 
each segment of the Aleutian Arc. The data source for 
the moments is Kagan [1997]. We observe the same de- 
pendence on fault length that Stirling et al. [1996] ob- 
served for strike-slip faults: shorter faults have a larger 
seismic coupling and a larger fraction of their total seis- 
mic moment released in large events. 
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Figure 11. Source-time function for a large rupture of a 
model fault with (a) large seismic coupling and a broad, 
smooth rupture and (b) small seismic coupling and a rough, 
episodic rupture history. These source-time functions can 
be compared to the broad, smooth rupture histories of large 
earthquakes of Alaska and the rough ruptures of the hetero- 
geneous Kurile Islands subduction zone observed by Hartzell 
and Heaton 
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Figure 12. Grayscale plot of fault slip for a large rupture of a model fault with (a) large seismic coupling 
and (b) relatively small seismic coupling. 

CONCLUSION 

Although many spring-block models have been pro- 
posed, on the whole they have failed to add significantly 
to our basic understanding of fault mechanics. Part 
of the reason for this may be that so many different 
models have been proposed, all of which purportedly 
reproduce GR statistics. Another reason may be that 
too few studies investigate alternative models to see if 
their model is unique in reproducing observed patterns 
of seismicity. In this study we have attempted to set a 
new standard for spring-block models by presenting a 
model which generates realistic seismicity with respect 
to many different measures of seismicity. We have also 
constructed the model in such a way that we are able to 
rule out stress-dependent friction as a significant gener- 
ating mechanism for foreshocks and aftershocks. Lastly, 
we have tried to provide a brief review of the last decade 
of work to put our work and the recent work of others 
into context. 

Our model suggests that the roles of fault length, 
depth, and structural heterogeneity can be understood 
in terms of their influence on the seismic coupling of 
fault systems. Seismic coupling, in turn, influences the 
relative frequency of large and small-magnitude events, 
the relative frequency of foreshocks and aftershocks, the 

spatiotemporal clustering of events, the buildup of cu- 
mulative Benioff strain before large earthquakes, and 
the rupture histories of individual earthquakes. The 
statistical similarity of seismicity on strike-slip faults 
and in subduction zones suggests that seismicity in sub- 
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Figure 13. Average displacement d versus seismic moment 
Mo. A least-square fit to the data yield a power-law rela- 
tionship d oc Mo ø'x7, consistent with the value obtained for 
earthquakes at Parkfield, California by Sammis et al. 



40 SPRiNG-BLOCK MODELS OF SEISMICITY 

x 

x 

E 

o 

x 

E 
o 

10 3 

lO 2 

1 
lO 

ß Unolosko ßKommondorsk; 

ß 1946 

38 **•umagln 
ßYakataga 

ß 1957 
. 

• , , I t I • , , 

50 100 150 

foult zone length (km) 

Figure 14. Ratio of the maximum moment observed to 
the maximum moment predicted based on an extrapolation 
of the GR fit to small events for different segments of the 
Aleutian Arc, as a function of segment length. Moment data 
from Kagan [1997]. 

duction zones may be able to be quantified in a similar 
way to that of strike-slip faults in the work of Stirling et 
al. [1996]. Lay et al. [1980] have qualitatively described 
the seismicity on different subduction zones in terms of 
their structural complexity. The model in this paper, 
together with data analysis of the patterns it suggests 
to look for in real sesimicity, may provide a starting 
point for a better quantification of patterns of seismic- 
ity in subduction zones. In addition, the model may 
help us to better understand the depth dependence of 
seismicity in both subduction zone and strike-slip fault 
systems. 
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